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ABSTRACT
This paper presents a hardware implementation of efficient algorithms that uses the
mathematical framework. The framework based on the Winograd’s Fourier Transform
Algorithm, obtaining a set of formulations that simplify cyclic convolution (CC) computations
and CRT. In particularly, this work focuses on the arithmetic complexity of a multiplication
and when there is multiplication then the product represents a CC computational operation.
The proposed algorithms is compared against existing algorithms developed making use of the
FFT and it is shown that the proposed algorithms exhibit an advantage in computational
efficiency .This design is most useful when dealing with large integers, and is required by
many modern cryptographic systems.
The Winograd Fourier Transform Algorithm (WFTA) is a technique that combines
the Rader’s index mapping and Winograd’s short convolution modules for prime-factors into
a composite-N Fourier Transform structure with fewer multipliers (O(N) ). While theoretically
interesting, WFTA’s are very complicated and different for every length. It can be
implemented on modern processors with few hardware multipliers and hence, is very useful in
practice today.

Keywords: Discrete Fourier Transform, Fast Fourier Transform, Winograd’s Theorem,
Chinese Remainder Theorem.
INTRODUCTION
Many popular crypto-systems like the RSA
encryption scheme [12], the Diffie-Hellman
(DH) key agreement scheme [13], or the
Digital Signature Algorithm (DSA) [14] are
based on long integer modular exponentiation.
A major difference between the RSA scheme
and cryptosystems based on the discrete
logarithm problem is the fact that the modulus
used in the RSA encryption scheme is the
product of two prime numbers. This allows
utilizing the Chinese Remainder Theorem
(CRT) in order to speed up the private key
operations. From a mathematical point of
view, the usage of the CRT for RSA
decryption is well known. However, for a
hardware implementation, special multiplier
architecture is necessary to meet the
requirements
for
efficient
CRT-based
decryption. This paper presents the basic
algorithmic and architectural concepts of the
WFTA crypto chip, and describes how they
were combined to provide optimum
performance. The major design goal with the

WFTA was the maximization of performance
on several levels, including the implemented
hardware algorithms.
In digital signal processing, the design of fast
and computationally efficient algorithms has
been a major focus of research activity. The
objective, in most cases, is the design of
algorithms and their respective implementation
in a manner that perform the required
computations in the least amount of time. In
order to achieve this goal, parallel processing
has also received a lot attention in the research
community [1]. This document is organized as
follows. First, mathematical foundations
needed for the study of algorithms to compute
the DFT and FFT algorithm are summarized.
Second, identification is established between
Winograd Fourier Transform and the Rader’s
algorithm. Third, the algorithm development
for the basic problem of the multiplication,
using the conceptual framework developed in
the two previous sections, is explained. The
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section also presents several signal flow
diagrams that may be implemented in diverse
architectures by means of very large scale
integration (VLSI) or very high-speed
integrated circuits hardware description
language (VHDL). Conclusions, contributions,
and future development of the present work are
then summarized.
1. DISCRETE FOURIER TRANSFORM
(DFT)
1.1 DEFINITION
The discrete Fourier transform (DFT) is a
powerful reversible mapping transform for
discrete data sequences with mathematical
properties analogous to those of the Fourier
transform and it transforms a function from
time domain to frequency domain. For length n
input vector x, the DFT is a length n vector X,
with n elements:
(1)
A simple description of these
equations is that the complex numbers Fj
represent the amplitude and phase of the
different sinusoidal components of the input
"signal" xk. The DFT computes the Fj from the
xk, while the IDFT shows how to compute the
xn as a sum of sinusoidal components
Fjexp(2πikn/N) / N with frequency (k/N)
cycles per sample. By writing the equations in
this form, we are making extensive use of
Euler's formula to express sinusoids in terms
of complex exponentials, which are much
easier to manipulate. The number of
multiplication and addition operations required
by the Discrete Fourier Transform (DFT) is of
order N2 as there are N data points to calculate,
each of which requires N arithmetic
operations. To be exact, the input, if complex,
would contain 2 terms and every exponential
term would contain 2 terms. So, this would
quadruple the computational complexity, thus
number of multiplications is 4N2. Hence, for
real inputs the required number of
multiplications will be 2N2.
A fast Fourier transform (FFT) [2] is
an efficient algorithm to compute the discrete
Fourier transform (DFT) and it’s inverse.
FFT’s are of great importance to a wide variety
of applications, from digital signal processing
and solving partial differential equations to
algorithms for quick multiplication of large
integers. By far the most common FFT is the
Cooley-Tukey algorithm. This is a divide and
conquer algorithm that recursively breaks
down a DFT of any composite size N = N1N2

into many smaller DFT’s of sizes N1 and N2,
along with O(N) multiplications by complex
roots of unity traditionally called twiddle
factors. The most well-known use of the
Cooley-Tukey algorithm is to divide the
transform into two pieces of size N / 2 at each
step, and is therefore limited to power-of-two
sizes, but any factorization can be used in
general (as was known to both Gauss and
Cooley/Tukey). These are called the radix-2
and mixed-radix cases, respectively (and other
variants such as the split-radix FFT have their
own names as well). Although the basic idea is
recursive, most traditional implementations
rearrange the algorithm to avoid explicit
recursion. In addition, because the CooleyTukey algorithm breaks the DFT into smaller
DFTs, it can be combined arbitrarily with any
other algorithm for the DFT.
1.2 Multiplication of large integers
The fastest known algorithms [1, 8,
and 10] for the multiplication of very large
integers use the polynomial multiplication
method. Integers can be treated as the value of
a polynomial evaluated specifically at the
number base, with the coefficients of the
polynomial corresponding to the digits in that
base. After polynomial multiplication, a
relatively low-complexity carry-propagation
step completes the multiplication.

2. WINOGRAD FOURIER TRANSFORM
ALGORITHM (WFTA)
The Winograd Fourier Transform
Algorithm (WFTA)[7] is a technique that
combines the Rader’s index mapping and
Winograd’s short convolution algorithm for
prime-factors into a composite-N Fourier
Transform structure with fewer multipliers.
The Winograd algorithm, factorizes zN − 1 into
cyclotomic polynomials—these often have
coefficients of 1, 0, or −1, and therefore
require few (if any) multiplications, so
Winograd can be used to obtain minimalmultiplication FFTs and is often used to find
efficient algorithms for small factors. Indeed,
Winograd showed that the DFT can be
computed with only O(N) irrational
multiplications, leading to a proven achievable
lower bound on the number of multiplications
for power-of-two sizes; unfortunately, this
comes at the cost of many more additions, a
tradeoff no longer favorable on modern
processors with hardware multipliers. In
particular, Winograd also makes use of the
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PFA as well as an algorithm by Rader for
FFTs of prime sizes.
2.1 RADER’S ALGORITHM

above equation is a cyclic convolution i.e.,

Rader's algorithm (1968)[7,10] is a
fast Fourier transform (FFT) algorithm that
computes the discrete Fourier transform (DFT)
of prime sizes by re-expressing the DFT as a
cyclic convolution.
Since Rader's algorithm only depends
upon the periodicity of the DFT kernel, it is
directly applicable to any other transform (of
prime order) with a similar property, such as a
number-theoretic transform or the discrete
Hartley transform.
The algorithm can be modified to
gain a factor of two savings for the case of
DFTs of real data, using a slightly modified reindexing/permutation to obtain two half-size
cyclic convolutions of real data; an alternative
adaptation for DFTs of real data, using the
discrete Hartley transform, was described by
Johnson.
Winograd extended Rader's algorithm
to include prime-power DFT sizes pm, and
today Rader's algorithm is sometimes
described as a special case of Winograd's FFT
algorithm, also called the multiplicative
Fourier transform algorithm, which applies to
an even larger class of sizes.
2.2 Algorithm
The Rader algorithm to compute the DFT,
N−1

nk

X(K) = ∑x(n)W k, n∈ZN;ord(W) = N (2)
N

N

n=0

is defined for prime length N. We first
compute the DC component with
N −1

x (0 ) =

∑

x (n )

for k=0,…,N-2. We notice that right side of the

(3 )

n = 0

Because N=p is a prime, it is known that there
is primitive element, a generator ‘g’, that
generates all the elements of n and k in the
field ZN
We substitute n with gk mod N and get the
following index transform:

n+k mod(N−1)

N−2

X[gk mod N]− x(0) = ∑x[gn mod N]

W

(4)

N

n=0

x[g0 mod N], x[g1mod N],...x[gN−2 mod N]]
n−2mod( N−1)

⊕[WN,WNg ,WNg

] (5)

Thus, an N-point DFT are converted into an
N-1 point Cyclic convolution.

3.WINOGRAD’S SMALL
CONVOLUTION ALGORITHM
This
algorithm
performs
the
convolution with minimum number of
multiplications and additions and thus the
computational complexity of the process is
greatly reduced. Cyclic convolution is also
known as circular convolution. Let h={h0, h1, …
hn-1 } be the filter coefficients and
x={x0,x1,….xn-1} be the data sequence. The
cyclic convolution can be expressed as
s(p)=hOn x=h(p)x(p)mod(pn-1).

(6)

The cyclic convolution can be computed as a
linear convolution reduced by modulo pn-1.
Alternatively, the cyclic convolution can be
computed using CRT with m(p)=pn-1,which is
much simpler. Thus, Winograd's minimummultiply DFT's are useful only for small N.
They are very important for Prime-Factor
Algorithms, which generally use Winograd
modules to implement the short-length
DFT’s[10]. The theory and derivation of these
algorithms is quite elegant but requires
substantial background in number theory and
abstract algebra. Fortunately, for the
practitioner, the entire short logarithm one is
likely to need have already been derived and
can simply be looked up without mastering the
details of their derivation.
3.1 Algorithm
1. Choose a polynomial m(p) with degree
higher than the degree of

h(p)x(p) and

factor it into k+1 relatively prime polynomials
with real coefficients, i.e.,
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(7)

m(p) = m(0)(p)m(1)(p).....m(k)(p).
2. Let M(i)(p) = m(p) / m(i)(p) and use the
Chinese

Remainder

Theorem

Project Navigator, we can run the
implementation process in one-step, or we can
run each of the implementation processes
separately.

(CRT)

(i)

algorithm to get N (p).
3. Compute
h(i)(p) = h(p) mod m(i)(p),
x (i)(p) = x(p) mod m(i)(p),

(8)
(9)

for i=0,1,2,...,k.
4. Compute s(i)(p) = h(i)(p)x(i)(p) mod m(i)(p),

(10)

for i =0,1,...,k.
5. Compute s(p) using the equation:
s(p)= ∑(i=0 to k) s(i)(p)N(i)(p)M(i)(p) mod m(p).

(11)

The computational complexity in case of
WFTA is of the order of N, O(N). It has been
found that the number of multipliers required

Figure 1 Simulation result for N=2

by WFTA is always less than 2N, which
drastically reduces the hardware needed for
implementing a DFT block.
4. REALIZATION OF WFTA IN
VERILOG HDL
The behavioral simulation and synthesis of
WFTA for N=2 and 5 can be viewed in the
following descriptions. We focus on the
Verilog HDL [6] used for our simulation and
synthesis. It is shown in Fig.1, 2, 3, 4,5and 6.
4.1.1 SYNTHESIS RESULTS
Synthesis of WFTA is being
implemented using XILINX ISE 9.1i tool.
After design entry and optional simulation, we
run synthesis. During this step, VHDL,
Verilog, or mixed language designs become
net list files that are accepted as input to the
implementation step.
Figure 2 Simulation result for N=5
4.1.2 IMPLEMENTATION
After synthesis, we run design
implementation, which converts the logical
design into a physical file format that can be
downloaded to the selected target device. From
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Figure 5 Schematic of DFT N=5

Figure3

Schematic

of

DFT

N=2

Figure 4 Schematic of WDFT N=2

Figure 6 Schematic of WDFT N=5
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Values of

Multipliers

N

required

Multipliers
in

required

DFT

WFTA

2

8

0

3

8

2

5

50

5

in

Table 1 Comparison of DFT and WFTA
4.1.3 COMPARISON OF THE OUTPUT
VALUES OF DFT AND WDFT FOR N=2, 3
AND 5
The output of normal DFT and WDFT
coefficients are obtained by using MATLAB
software, as A0, A1, A3, A4 and A5.It is
shown in Fig.7.

only least number of multiplier are required.
The future scope of the work is to reduce the
minimum multiplier so that, the algorithm
occupy less space and consume less power.
Thus Winograd’s Fourier transform
algorithm for N=2, 3 and 5 have been realized
and the WFTA has been proved accurate by
comparing the values obtained using WFTA
with those of DFT using MATLAB.
Behavioral simulation of the WFTA was done
using XILINX ISE Simulator and the synthesis
was implemented in XILINX ISE tool. A full
RTL schematic is obtained with logic gate
level modeling. Finally, the circuit was
implemented using FPGA Spartan 3 kit.
The WFTA for the transform lengths
equal to powers of prime numbers, i.e. N=2m,
3m and 5m, can be obtained by iteratively using
the same skeleton that we have used. Even
though this project drastically reduces the
number of multipliers required to compute the
DFT, it doesn’t eliminate its use. Hence, a new
algorithm can be devised based on theories of
WFTA to implement DFT with no multipliers
and reduced adders.
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