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Josephson Junctions

4.01 Introduction
The active device in superconductor electronics is a junction between two superconductors
which is weak enough to allow only a slight overlap of the electron pair wave functions of the
two superconductors. Under this condition, electron pairs can pass from one superconductor to
the other even with no applied voltage. Numerous ways of forming such weak links have been
explored for both metallic [low-temperature superconductors (LTS)] and oxide [high-temperature superconductors (HTS)]. These include metal or semiconductor links, grain boundaries,
very narrow constrictions, damaged regions, and, most prominently, insulating tunnel barriers.
To date it has not been possible to demonstrate a tunnel junction in the technologically interesting high-temperature superconductors, but tunnel junctions play a prominent role in LTS electronics. For this reason, and that the tunnel junction offers the best vehicle for elaboration of
many of the important characteristics of Josephson junctions, we will focus most of our analyses
on these devices. Subsequently, we will discuss other types of junctions and explain that some of
the analyses derived for tunnel junctions can be applied to them.
We have already discussed single-particle tunneling in Sec. 2.15 and 2.16. In 1962, B. D.
Josephson1 published a suggestion that it should be possible for electron pairs to tunnel between
closely spaced superconductors even with no potential difference. An observation of the effect
was made by Anderson and Rowell2 in 1964.
1
2

B. D. Josephson, “Possible new effects in superconductive tunneling,” Phys. Lett., Vol. 1, pp. 251–253, July 1962. P.
W. Anderson, “How Josephson discovered his effect,” Phys. Today, Vol. 23, pp. 23–29, November 1970.
P. W. Anderson and J. M. Rowell, “Probable observation of the Josephson superconducting tunneling effect,” Phys.
Rev. Lett., Vol. 10, pp. 230–232, 15 March 1963.
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A simple quantum-mechanical derivation of the Josephson relations is given. The pair-tunneling current is seen to depend on the difference of phases of the effective wave functions
(introduced in Sec. 2.07) on the two sides of the junction. The phase difference across the barrier
is seen to be both temporally and spatially variable. It is used as the variable in a macroscopic
quasiclassical theory for the electrodynamics of the junction. We study the effects of magnetic
fields in the junction, both fields applied externally and those resulting from the currents in the
junction.

4.02 Pair Tunneling: The Josephson Relations
In Sec. 2.16 we discussed the tunneling of quasiparticles between two superconductors. Here we
introduce the concept of tunneling of Cooper pairs. Unlike quasiparticle tunneling, pair tunneling does not involve excitations and can occur even without bias across the junction. Thus one
could connect a current source to a junction and, for currents less than a certain critical value, no
voltage would be developed if the current were carried across the insulator by Cooper pairs.
Let us first consider qualitatively the effect on the pair wave functions in two superconductors that are brought close together. Remember that if the separation between the superconductors is large, the pairs in each can be described by a macroscopic wave function
_
ψ = ψ ( r ) exp { i [ θ ( r ) – ( 2E F ⁄ h )t ] }
as discussed in Sec. 2.07; the phases of the two wave functions are unrelated and, in fact, are
only definable to within arbitrary additive constants. As the separation of the superconductors is
reduced, the wave functions penetrate the barrier sufficiently to couple and the system energy is
reduced by the coupling. When the energy associated with the coupling exceeds the thermal
fluctuation energy, the phases become locked and pairs can pass from one superconductor to the
other without energy loss. We shall see that pair tunneling can also take place when there is a
voltage across the junction; in that case the phases of the wave functions are not locked together
but rather slip relative to each other at a rate that is precisely related to the voltage.
We now give a simple derivation of the Josephson relations for an arbitrary location in the
plane of the junction.3 The time evolution of the wave functions of the superconductors on each
side of a coupled Josephson junction can be described by
_ ∂ψ 1
ih --------- = U 1 ψ 1 + K ψ 2
∂t
_ ∂ψ 2
ih --------- = U 2 ψ 2 + K ψ 1
∂t

(1)

The U s are the energies of the wave functions for the two superconductors and K is a coupling
3

R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman Lectures on Physics, Vol. III, Reading, Massachusetts:
Addison-Wesley, 1965, pp. 21–14. A more detailed treatment is given by B. D. Josephson, “Weakly coupled superconductors,” in Superconductivity, Vol. I (R. D. Parks, Ed.). New York: Marcel Dekker, 1969.
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constant that measures the interaction of the two wave functions. It is assumed that a voltage
source is applied between the two sides; a difference of energy e * ( V 2 – V 1 ) = e * V is imposed
between the two sides so that U 2 – U 1 = e * V . For convenience, the zero of energy can be taken
midway between the energies U 1 and U 2 . Then equations (1) become
_ ∂ψ 1
–e * V
ih --------- = ------------ψ 1 + K ψ 2
∂t
2
_ ∂ψ 2
e*V
ih --------- = --------- ψ 2 + K ψ 1
∂t
2

(2)

It is convenient to express the wave functions in terms of the pair density as in Eq. 3.03(2),
* ) 1 / 2 e iθ k
ψ k = ( n sk

(3)

where k is 1 or 2. Substituting (3) into (2), separating real and imaginary parts, and introducing
the phase difference across the junction as φ = θ 2 – θ 1 , we find the following:
*
∂n s1
2
* n * ) 1 / 2 sin φ
---------- = _--- K ( n s1
s2
h
∂t

(4)

*
∂n s2
2
* n * ) 1 / 2 sin φ
---------- = – _--- K ( n s1
s2
h
∂t

(5)

∂θ 1
K
-------- = – --_h
∂t

*

s2 
 n-----*
 n s1

1/2

e*V
cos φ + -------_2h

(6)

* 1/2
*V
∂θ 2
K  n s1
 cos φ – e--------------- = – --_-  -----_*
h n s2
∂t
2h

(7)

From (4) and (5) we see that the rate of decrease of pair density in one superconductor is the
negative of that in the other. This rate of change represents only a tendency to change. There
cannot be an actual change of pair density since that would create a charge imbalance between
the electrons and the background of ions; the imbalance is avoided by the currents that flow in
the circuit connected to the junction. Thus, the tendency toward rate of change of pair charge
density e * n s* times the thickness of the junction electrodes is the density of current flowing from
one electrode to the other.
The sign of the current density can be deduced from a comparison with the phenomena in
a bulk superconductor. There the current density J is in the opposite direction from that of the
gradient of phase ∇θ , as seen from Eq. 3.03(7). In the Josephson junction, φ > 0 corresponds to
a positive gradient of phase from 1 to 2. Therefore, current density from 2 to 1 is positive when
φ > 0 . Since there must be a transfer of electrons from 1 to 2 for this current polarity, then
* ⁄ ∂t > 0 . Therefore, K is a negative quantity. Equation (4) gives, for the current density
∂n s2
from 2 to 1:
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J = J c sin φ

(8)

where the constant J c is the critical current density whose value must be found by more sophisticated means, and is presented below. Note that J c cannot be evaluated from the above analysis
*
since we have given no indication of the value of K . Subtracting (6) from (7) and equating n s1
4
* gives the time evolution of the difference of phase across the junction at any point:
and n s2
2e
∂φ
------ = ----_- V
h
∂t

(9)

where we have used e * = – 2e . Equations (8) and (9) are the Josephson relations that express
the behavior of the electron pairs. At nonzero temperature and with nonzero voltage across the
junction, there is also a current of quasiparticles. We shall treat the simultaneous presence of pair
and quasiparticle currents in later sections of this chapter.
It can be inferred from (8) and (9) that coupling of the wave functions reduces the energy
below the uncoupled system (for small junctions) by an amount
_
E c = ( hI c ⁄ 2e ) cos φ

(10)

Here I c is the critical current in the junction.5 When φ = 0 , the current density is zero and the
coupling energy has its maximum value. As the current density is raised to its maximum,
φ → π ⁄ 2 and the coupling energy is reduced to zero. For higher currents, the wave functions

Figure 4.02a I–V characteristic for a Josephson junction at T = 0 . The maximum zero-voltage
current is equal to the normal-state current at π ⁄ 4 of the quasiparticle tunneling gap.
4

5

We take n s1* = n s2* for simplicity but the analysis can be extended. See H. Ohta, “A self-consistent model of the
Josephson junction,” in SQUID, Superconducting Quantum Interference Devices and Their Applications (H. D.
Hahlbohm and H. Lübbig, Eds.). Berlin and New York: Walter de Gruyter, 1977, pp. 35–50.
M. Tinkham, Introduction to Superconductivity, 2nd ed. New York: McGraw-Hill, 1996, p. 198.
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become uncoupled and begin to slip relative to each other at a rate determined by (9).
The general expression for the maximum zero-voltage current density, the critical current
density, in a tunnel junction has been derived from microscopic theory:6
G n π∆ ( T )
∆(T )
J ctu = ------  ---------------- tanh ------------A  2e 
2k B T

(11)

where G n is the tunneling conductance for V » 2∆ ⁄ e [Eq. 2.14(5)] and A is the junction area.
Figure 4.02a shows the I–V characteristic of a tunnel junction at T = 0 . The critical current I c
is J c times the area, assuming the coupling energy is constant over the junction surface, which is
the case for a small junction with no applied magnetic field. Notice that I c equals the tunneling
current that would have existed in the absence of pairing at a voltage of about three-quarters
( π ⁄ 4 ) of the gap voltage V g = 2∆ ⁄ e . Figure 4.02b shows the effect of temperature on leadinsulator-tin and tin-insulator-tin Josephson junctions, as calculated using (11) and from experiment.7 The insulators are oxides of the first-mentioned metal.
The junction critical current density is reduced in junctions with electrodes in which the
electron-phonon-electron coupling is “strong” so that N 0 V ~> 0.3 .8 Two examples are lead and

Figure 4.02b Temperature dependence of the maximum zero-voltage current from experiment
(Fiske, footnote 7) and from the theory of Ambegaokar and Baratoff (footnote 6). (From M. Fiske,
Rev. Mod. Phys., Vol. 36, p. 222, January 1964.)
6
7
8

V. Ambegaokar and A. Baratoff, “Tunneling between superconductors,” Phys. Rev. Lett., Vol. 11, p. 104, 15 July
1963 (Erratum of Phys. Rev. Lett., Vol. 10, pp. 486–491, 1 June 1963).
M. Fiske, “Temperature and magnetic field dependences of the Josephson tunneling current,” Rev. Mod. Phys., Vol.
36, pp. 221–222, January 1964.
T. A. Fulton and D. E. McCumber, “dc Josephson effect for strong-coupling superconductors,” Phys. Rev., Vol. 175,
pp. 585–586, 10 November 1968. R.E. Harris, R. C. Dynes, and D. M. Ginzberg, “Strong-coupling correction to the
jump in the quasiparticle current of a superconducting tunnel junction,” Phys. Rev. B., Vol. 14, pp. 993-995, August
1976.
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niobium; for junctions made with these materials, J c given by (11) should be multiplied by a
factor of about 0.75.

AC Effects
If a dc voltage V is applied to a junction, integration of (9) shows that
_
φ = φ 0 + ( 2e ⁄ h )Vt

(12)

If this is substituted into (8) one obtains the result
I = I c sin ( ω J t + φ 0 )

(13)

so there is an ac current at the frequency
ω
1 2e
-V
f J = ------J =  ------ ---- 2π _h
2π

(14)

The coefficient in the last term in (14) is 483.6 × 10 12 Hz/V . It has been shown that I c is frequency dependent; thus the amplitude of the current oscillations varies with frequency. Riedel9
predicted the form shown in Fig. 4.02c and this has been verified experimentally.10 One important aspect of this result is that substantial ac pair currents flow even when the junction voltage
exceeds the gap by several times.
It is of interest to make an observation here about the I–V characteristic in Fig. 4.02a.
There it appears that it is possible to increase the current along the ordinate from zero to I c
without developing any voltage. That is not true, since by (9), it takes voltage to change the

Figure 4.02c Dependence of the critical current I c on the Josephson frequency. The peak occurs where the applied dc voltage is 2∆ ⁄ e .
9

E. Riedel, “Zum Tunneleffekt bei Supraleitern im Mikrowellenfeld,” Z. Naturforsch., Vol. 19a, pp. 1634–1635, 15
December 1964.
10 C. A. Hamilton, “Frequency dependence of the Josephson current,” Phys. Rev. B., Vol. 5, pp. 912–913, 1 February
1972.
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phase, and through (8), the current. At I c the phase difference is π ⁄ 2 ; to reach this value from
φ = 0 in say, 20 ps, it would be necessary to apply a voltage of about 25 µV .
It should be pointed out that the derivation of the Josephson relations (8) and (9) was
based on the use of a simple coupling constant K in (1) and was not at all specific to the physics
of tunneling. Later in this chapter (Sec. 4.09) we will discuss a number of different structures in
which there is a weak coupling between two superconductors; they all obey the Josephson relations as long as the coupling is weak enough, and not too weak. When the coupling strength is
increased, the sinusoidal dependence in (8) changes to another function, but the periodicity of
oscillations in (14) remains the same.
We should comment about the idealization in Fig. 4.02a. In real tunnel junctions there is
some current in the sub-gap range of voltages for various reasons; it usually rises with voltage
and is considered a defect. The sub-gap current can be characterized by
V m = I c × R ( 2 mV )

(15)

where R ( 2 mV ) is the inverse of the slope of a line from the origin to the characteristic at 2 mV.
For some applications, it is essential to have the highest possible V m and for others it is less critical. This point will be made further in Chap. 5 in connection with the applications.
Problems
4.02a

For applied ac voltages in excess of several millivolts, a tin-tin oxide-tin tunnel junction
was observed to have a resistance R n = 1 Ω . The transition temperature of tin is 3.72 K.
Sketch the I–V characteristics for T = 0 and T = 3.2 K , making appropriate allowance
for the effect of the change of gap with temperature on both the pair and quasiparticle tunneling. Give numerical values where possible.

4.02b

Find the critical current for which the coupling energy at I = 0.9I c equals the thermal
energy k B T at T = 4.2 K . Discuss how a junction with that I , I c , and T would be
expected to behave.

4.02c

Show that the results (8) and (9) are valid even if the zero of energy is displaced so that
U 2 = U + 1--2- e * V and U 1 = U – 1--2- e * V , where U is arbitrary.

4.02d

Estimate the frequencies at which the ac Josephson current amplitudes for niobium and
lead junctions fall to 0.5 of the very-low-frequency values. Comment on the values in light
of the difference of transition temperatures.

4.03 Gauge Invariance: Effect of a Magnetic Field
We saw in Eq. 4.02(8) that the current density is directly related to the phase difference. In this
section we shall see how to redefine the phase difference in such a way that the choice of mathematical formulation for any magnetic field that may be present will not affect the value of current density. That is, we shall ensure that the current density is gauge invariant as we did in
Chap. 3.
Consider two points on opposite sides of the barrier in a Josephson junction as shown in
Fig. 4.03a. Recall from Sec. 3.04 that if a gauge change is made so that
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Figure 4.03a Points on opposite sides of a tunneling junction for consideration of gauges.

A′ = A + ∇χ
where χ is an arbitrary scalar function, the phases at the two points become

(1)

_
θ 1′ = θ 1 – ( 2e ⁄ h )χ 1
θ 2′

(2)

_
= θ 2 – ( 2e ⁄ h )χ 2

Let us define the phase difference between points 1 and 2 to be
2e
φ = θ 2 – θ 1 + ----_h

∫

2

A ( x, t ) ⋅ dl

(3)

1

We can easily see by substitution of (1) and (2) that φ is independent of the choice of gauge, i.e.,
the choice of χ . This modified definition of φ does not affect its being canonically conjugate to
the number of pairs transferred, so the Josephson relations still apply.
Now let us use (3) to develop a relation between the phase difference and the magnetic
field passing through a junction in the plane of the barrier. Consider two pairs of points Q 1, Q 2
and P 1, P 2 at two different positions along the junction as in Fig. 4.03b. The choice of gauge is
arbitrary, so let us choose the London gauge (Sec. 3.05) in which ∇θ is zero inside each of the
two electrodes. Then θ 2 is the same at P 2 and Q 2 , and likewise for θ 1 . Using (3), we can form

∫

2e
φ ( P ) – φ ( Q ) = ----_h

P2

A′ ( P, t ) ⋅ dl –

P1

∫

Q2

A′ ( Q, t ) ⋅ dl

(4)

Q1

The outward-directed magnetic flux through the rectangular contour in Fig. 4.03b is
Φy =

∫

S

B ⋅ dS =

°∫

A′ ⋅ dl =

∫

Q1

Q2

A′ ⋅ dl +

∫

P1

Q1

A′ ⋅ dl +

∫

P2

P1

A′ ⋅ dl +

∫

Q2

A′ ⋅ dl

(5)

P2

It can readily be argued as follows that the second and fourth integrals on the right side of (5) are
negligible if the superconductors are much deeper than the penetration depth. As we saw in
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Figure 4.03b Integration path to relate flux in a junction and the phase difference along the junction. Current density in the bounding superconductors.

Sec. 3.04, the canonical momentum in the transformed gauge is p′ = e * ΛJ s + e * A′ and
_
p′ = h ∇θ′ . Since the gauge was chosen so ∇θ′ = 0 in the superconductors, then
ΛJ s = – A′ . The integrals in (5) are equivalent to integrals of current density. The current is predominantly parallel to the junction surface, so those portions of the contour that are perpendicular to the surface make no significant contribution to the integrals in (5). We have located the
portions of the contours lying parallel to the surface deep enough (appreciably beyond one penetration depth) within the superconductor that the current is essentially zero there, as illustrated
in Fig. 4.03b. Therefore, the Q 1 – P 1 and P 2 – Q 2 integrals may be neglected. What remains in
(5) are the same two integrals that appear in (4), so we obtain
_
φ ( P ) – φ ( Q ) = ( 2e ⁄ h )Φ y

(6)

The difference of the phase differences between two points along a junction is simply proportional to the magnetic flux passing through the junction between the points, including that in the
penetration depths of the superconductors.
It is useful to obtain a differential equation for the phase difference. Suppose the points P
and Q are separated by a differential distance dz . The flux in that distance will be
B y0 dz ( λ 1 + λ 2 + d ) , where B y0 is the flux density in the barrier, λ 1 and λ 2 are the penetration
depths in the two superconductors, and d is the barrier thickness. Then, letting
d′ = λ 1 + λ 2 + d , (6) becomes
2ed′
∂φ
------ = – ----------- B y0
h
∂y

(7)

where we have used partial-derivative notation to take account of the fact that there can also be a
component of B in the z direction leading to
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2ed′ 0
∂φ
------ = – ---------h - Bz
∂y

(8)

Combining (7) and (8) we can write the gradient of the phase difference in the plane of the junction as
0
_
∇φ = ( 2ed′ ⁄ h ) ( n̂ × B )

(9)

where n̂ is the unit vector directed from superconductor 1 toward superconductor 2.
Although the results of this section were derived in the context of tunnel junctions, they
are equally applicable to the conductive barrier junctions that will be presented in Sec. 4.09.

4.04 Wave Equation for a Josephson Tunnel Junction
In Sec. 4.02 we referred to the phase difference φ across the junction without explicit account
being taken of the fact that it can differ at different points in the junction. Here we shall derive an
equation that relates the spatial and temporal changes of φ to the Josephson tunneling current
density. It is in the form of a wave equation; it will be used in this section to study waves and in
later sections to analyze the current-density distribution in large junctions.
For simplicity we shall assume identical superconductors that are much thicker than the
penetration depth so the results of the preceding section can be applied.11 The model for the
analysis is shown in Fig. 4.04a. The broken line will be a path of integration that extends deep
enough into the superconductors so the fields are zero along the segments of dz length parallel
to the junction surface. We shall take account of the magnetic-field penetration into the superconductors and assume that the electric field normal to the superconductors penetrates a negligible distance.12
To apply Faraday’s law, let us first integrate ∇ × E over the abcd surface in Fig. 4.04a:

∫

S

( ∇ × E ) ⋅ dS =

∂E x0

- dz
∂z
°∫ E ⋅ dl = d [ E ( z + dz ) – E ( z ) ] = d -------0
x

0
x

(1)

where the superscript 0 is used to signify the values of quantities in the insulating layer. Integrating – ∂B ⁄ ∂t over the same area gives
11

The problem of the junction bounded by superconductors not much thicker than the penetration depth has been
treated by C. S. Owen and D. J. Scalapino, “Inductive coupling of Josephson junctions to external circuits,” J. Appl.
Phys., Vol. 41, pp. 2047–2056, April 1970.
12 The penetration of the magnetic field into the superconductor is treated here in the low-frequency approximation. At
frequencies beyond microwaves, the penetration must be corrected as in Sec. 3.15. The normal electric-field penetration is just the Thomas-Fermi screening length (see Sec. 2.04), typically less than 0.1 nm in metals.
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Figure 4.04a Model for the analysis of a Josephson junction waveguide.

∂B y0
∂B
– ------ ⋅ dS = – --------- ( 2λ + d )dz
∂t
∂t

(2)

Equating (1) and (2) and operating on the results with ∂ ⁄ ∂z , we obtain
∂ 2 E x0
2λ + d ∂ 2 B y0
----------- = –  ---------------- -----------2
 d  ∂t∂z
∂z

(3)

If we take a similar surface, normal to the z axis, and follow the above procedure, we find
∂ 2 E x0
2λ + d ∂ 2 B z0
----------- =  ---------------- -----------2

d  ∂t∂y
∂y

(4)

Now we operate with ∂ ⁄ ∂t on the x component of Maxwell’s ∇ × H equation and obtain the
following in the insulating region:
∂ 2 E x0
∂J
1 ∂2 B 0 ∂2 B 0
--- -----------z- – -----------y- = --------x + ε ----------µ ∂y∂t ∂z∂t
∂t
∂t 2

(5)

Substituting the derivatives of B 0 from (3) and (4) and rearranging, we find
2
2
 ∂2
∂
1 ∂  0
1 ∂J x
-------------–
 2 +
 E x = ---------2
2
2
2 ∂t
ν ph ∂ t 
εν ph
∂y
∂z

(6)

ν ph = ( µε ) –1 / 2 [ d ⁄ ( 2λ + d ) ] 1 / 2

(7)

where

It is easily seen that, if ∂J x ⁄ ∂t = 0 , (6) describes a TEM wave propagating between parallel
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plates with properties different from a normal-metal structure. Here, the effect of the deeper penetration of the magnetic field can be understood conveniently by thinking of the structure as a
parallel-plane transmission line. The inductance per unit length of such a line is proportional to
the spacing through which the magnetic field passes, so L ∝ ( 2λ + d ) . The capacitance per unit
length is inversely proportional to the spacing for the electric field, so C ∝ ( 1 ⁄ d ) . The phase
velocity v ph = ( LC ) –1 / 2 or v ph ∝ [ d ⁄ ( 2λ + d ) ] 1 / 2 as in (7). The oxide thickness and penetration depth typically are 0.7 and 80 nm, respectively, so the phase velocity is slowed by a factor
of about 15 by the term [ d ⁄ ( 2λ + d ) ] 1 / 2 . As T → T c , the penetration increases appreciably so
the slowing further increases. Waves satisfying (6) with J x = 0 (that is, for a superconducting
guide with no Josephson current) are called Swihart modes.13
Now we shall convert (6) into a wave equation for the junction phase difference φ . Taking
the top plate as positive, we have from Eq. 4.02(9)
2eE x0 d
∂φ
2eV
------ = --------_ _ - = – --------------h
∂t
h

(8)

Solving this for E x0 and substituting it in (6) with J x = – J c sin φ , we obtain14
_
2
2
 ∂2
J c ∂( sin φ )
∂
1 ∂  h ∂φ
------------- ------ = --------- -------------------+
–
 2

2
2
2
2
∂t
∂z
v ph ∂ t  2ed ∂t
εv ph
∂y

(9)

in which φ is a function of y and z , as is E x0 in (6). If we take our time reference where φ = 0 ,
we have by integration, at any point ( y, z ) ,
2
2
 ∂2
∂
1 ∂ 
sin φ
-----–
φ = ----------- 2 +
2 ∂t2 
2
2
∂
∂
z
v
y


ph
λJ

(10)

_
2
λ J = h ⁄ 2 eJ c µ 0 ( 2λ + d )

(11)

where

The quantity λ J is called the Josephson penetration depth; we shall see the reason for this name
in Sec. 4.05. Equation (11) is valid, including the meanings to be explained in Sec. 4.05, for conducting barrier junctions even though derived here for tunnel junctions.
13

J. C. Swihart, “Field solution for a thin-film superconducting strip transmission line,” J. Appl. Phys., Vol. 32, pp.
461–469, March 1961.
14 The current J may be generalized to include the single-particle tunneling. See B. D. Josephson, “Supercurrents
x
through barriers,” Advan. Phys., Vol. 14, pp. 419–451, October 1965.
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Figure 4.04b Josephson penetration depth and junction linear dimensions as functions of critical
current density for Nb/AlOx/Nb junctions. Also given are comments about practical fabrication difficulty involved in achieving small statistical I c spread. Values of λJ are for Nb/AlOx/Nb junctions.

It is worthwhile to get some appreciation for magnitudes of important quantities. Figure
4.04b shows the value of the Josephson penetration depth as a function of current density for
niobium/aluminum oxide/niobium tunnel junctions. Linear dimensions of junctions assumed
square with uniform current density for various junction critical currents are shown and comments are made about the practical difficulty of fabrication for both current densities and linear
sizes of the junctions.
Let us consider small-signal waves in the tunnel junction. Taking φ = φ 0 + φ 1 , letting
φ 0 = 0 and linearizing the wave equation, we have for small φ 1 :
2
2
 ∂2
φ1
∂
1 ∂ 
-----–
 2 +
 φ 1 = ----22
2
2
∂z
v ph ∂ t 
∂y
λJ

(12)

A solution of (12) can be written in the form
φ 1 = e –i ( ωt – β ⋅ r )

(13)

where r is in the plane of the junction. Substitution of (13) into (12) leads to a dispersion relation:
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Figure 4.04c Dispersion relation in a Josephson junction waveguide. The Swihart modes exist
in the absence of Josephson tunneling current.
2 + ω2
ω 2 = β 2 v ph
p

(14)

v ph
ω p = -----λJ

(15)

where ω p is given by

This relation is shown in Fig. 4.04c. It is seen that no propagating waves exist below ω p .
Where β = 0 , there are no RF magnetic fields present and there is a periodic exchange of
energy between the electric field and the kinetic energy in the Josephson current. The similarity
with oscillations of a cold plasma have led to ω p being called the plasma frequency of a Josephson junction. It is the natural frequency of a β = 0 perturbation in a junction.
Problem
4.04

The derivation given in this section was designed to show first the wave equation for the
RF electric field and from that, the wave equation (10) for the phase difference φ . Show
that the latter may be derived more directly by substituting appropriate results from Sections 4.02 and 4.03 into Maxwell’s ∇ × H equation.

4.05 Dependence of Maximum Zero-Voltage Current
on Magnetic Field
In Sec. 4.03 we saw that a magnetic field passing through the gap between two superconductors
produces a variation of the phase difference across the gap as a function of the distance perpendicular to the magnetic field and to the superconductors. Section 4.02 showed how the maximum zero-voltage current (critical current) depends on the phase difference across the junction.
There it was assumed that the phase difference is the same at all points along the junction. However, it can vary along the junction by virtue of the presence of a magnetic field passing through
the junction. We should then apply the results of Sec. 4.02 to each point in the junction and use
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Figure 4.05a (i) Magnetic-field penetration through a tunnel junction of arbitrary cross section.
Part (ii) shows how the field must be distorted around the junction. (Thickness of the oxide is not
to scale.) Part (iii) shows the magnitude of B including its penetration into the superconducting
films.

the local value of phase difference. The Josephson relation, Eq. 4.02(8), will be written as
J ( y, z ) = J c ( y, z ) sin φ ( y, z )

(1)

where φ is a function of the space coordinates in the plane of the junction. ( φ is also a function
of time, but we shall not write it explicitly here.)
For generality, let us consider a junction of arbitrary shape and find the dependence of the
maximum zero-voltage current on the intensity of a uniform magnetic field passing through the
junction, as shown in Fig. 4.05a. In this section, we assume that the magnetic field produced by
the tunneling current is negligible. The effects of self-induced field are treated in Sec. 4.06. The
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magnetic field is in the y direction, so that the gradient of the phase given by Eq. 4.03(9) has
only a z component, which is given by
2ed′ 0
∂φ
------ = ---------(2)
_ -B
h
∂z
where B 0 is the magnetic induction in the insulator region in the junction. Here d′ = d + 2λ ,
where d is the insulator thickness and λ is the penetration depth. Then assuming uniformity of
B 0 with respect to z , we have
_
φ ( z ) = ( 2ed′ ⁄ h )B 0 z + φ ( 0 )

(3)

where φ ( 0 ) is a constant of integration that will be determined below. There is no variation of
phase along the magnetic field, and we shall find it convenient to define an integral over the
length of the junction along the magnetic field. All the current components along the path of the
integral area determined by the same phase φ . Figure 4.05b shows a possible dependence of
critical current density on the coordinates of the junction plane ( y, z ) , with the integral along the
y coordinate shown by crosshatching. After performing the integration we are left with a current
density that depends only on z and has the units of A/m:
J ( z ) = J c ( z ) sin φ ( z )

(4)

∫ J ( y, z ) dy

(5)

where
J c(z) =

c

Figure 4.05b Dependence of the maximum zero-voltage current density on the coordinates in
the plane of the junction. The crosshatched plane represents the integral J c ( z ) [Eq. 4.05(5)].
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Keep in mind that the integrand in (5), which is the quantity plotted in Fig. 4.05b is the maximum zero-voltage current density that can pass through the junction at ( y, z ) .
Combining (3) and (4) we have the expression for the current per meter width of the junction in the presence of a uniform magnetic field:
2ed′B 0
J ( z ) = J c ( z ) sin ---------------_ -z + φ ( 0 )
h

(6)

The total current in the junction is the integral of (6) over z :
I ( B0 ) =

∞

2ed′B 0
J c ( z ) sin ---------------_ -z + φ ( 0 ) dz
h
–∞

∫

(7)

We shall later return to the junction of general shape, but let us first take an important special case—the rectangular junction having a uniform critical current density shown in Fig. 4.05c.
The integral in (5) is simply a multiplication by W , and (7) becomes
I ( B0 ) = W J c

L⁄2

2ed′B 0
sin ---------------_ -z + φ ( 0 ) dz
h
–L ⁄ 2

∫

(8)

Integrating and making use of a trigonometric identity, we obtain
_
_
I ( B 0 ) = ( hW J c ⁄ ed′B 0 ) sin φ ( 0 ) sin ( ed′B 0 L ⁄ h )

(9)

The maximum value of the current is that for which φ ( 0 ) = ± π ⁄ 2 . Making that choice and
rearranging (9), we have

Figure 4.05c Uniform distribution of the maximum zero-voltage current density.
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Figure 4.05d Dependence of the maximum zero-voltage current in a junction with a current density of the form in Fig. 4.05c as a function of the flux linking the junction.

_
sin ( ed′LB 0 ⁄ h )
I c ( B 0 ) = I c ( 0 ) ------------------------------------_
( ed′LB 0 ⁄ h )

(10)

where I c ( 0 ) = WLJ c is the total critical current with zero magnetic field. Since the current
source has only one polarity, φ ( 0 ) flips from +π ⁄ 2 to – π ⁄ 2 and back as necessary to keep
_
I c ( B 0 ) positive. We can put (10) in another useful form by noting that ( e ⁄ h ) = π ⁄ Φ 0 , where
Φ 0 is the flux quantum ( 2.07 × 10 –15 Wb ) and expressing the total flux through the junction as
Φ = d′LB 0 :
sin ( πΦ ⁄ Φ 0 )
I c ( Φ ) = I c ( 0 ) ------------------------------( πΦ ⁄ Φ 0 )

(11)

This result is plotted in Fig. 4.05d; it is a commonly used criterion for the uniformity of tunneling current in a Josephson junction. One measures the maximum zero-voltage current as the
magnetic field is varied, and the extent to which the dependence fits (11) is a measure of the uniformity. It should be pointed out that this test only measures the uniformity of the integral shown
in (5) and in Fig. 4.05b as a function of z ; thus small-scale irregularities would tend to average
out in the integration (except see below). Also, recall that fields produced by tunneling currents
are neglected, so the test only applies for small junctions ( ( l ~
< λ J ) . (See Sec. 4.06.)
To see physically what is happening to cause the maximum zero-voltage current to fall to
zero, refer to Fig. 4.05e. In part (i) there is no applied field so the flux threading the junction is
zero. In this case, the maximum zero-voltage current is the integral of the maximum zero-voltage current density over the junction. In part (ii) the magnetic field is such that the flux in the
junction is one-half of a flux quantum. This causes a variation of the phase difference φ ( z )
along the junction so that when the phase constant φ ( 0 ) in (9) is adjusted for maximum current,
the phase differences at the two ends of the junction are zero; thus, according to (1), the current
density at the ends is zero as shown in Fig. 4.05e(ii). Clearly, the total maximum zero-voltage
current when the junction contains magnetic flux is reduced, as shown in Fig. 4.05d. When the
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M a g n e tic flu x = 0

1

M a g n e tic flu x =

(iii)

Φ0
(ii)

(i)

M a g n e t i c f l u x = Φ0

2

M a g n e tic flu x =

3
2

Φ0
(iv )

Figure 4.05e The effect of the magnetic field on the tunneling currents in a uniform junction. In
each case the current is adjusted to its maximum value. As the enclosed magnetic flux in the junction increases, the resulting phase shifts along the junction lead to a reduction of the maximum
zero-voltage current up to Φ ⁄ Φ 0 = 1 . There are subsequent periodic variations as shown in Fig.
4.05d.

junction contains a full flux quantum (or any multiple thereof) the maximum zero-voltage current is zero regardless of the adjustment of the phase constant φ ( 0 ) . As shown in Fig. 4.05e(iii),
the phase differences are such that just as much current is flowing upward as downward. The
currents are circulating in the junction. If Φ = 3Φ 0 ⁄ 2 , the pattern of current density is as in
Fig. 4.05e (iv).
It was assumed above that the critical current density, which depends on the physical properties of the tunnel barrier, is uniform over the area of the junction. However, there will naturally
be some random variation of the tunneling conductance over the surface of the junction because
of variations of the barrier thickness; it is usually assumed that this is a small effect and sufficiently fine grained that it makes little difference. But tunneling current is exponentially dependent on the barrier thickness and high-current-density junctions ( > 10 4 A/cm 2 ) have very thin
tunnel barriers. In this case random thickness variations probably play a major role in determining the total critical current.15 And it also has been shown that random variations have an effect
on the I c vs. Φ dependence; in particular, the minima of I c in Fig. 4.05d do not reach zero.
Systematic critical current density variations across a junction may also occur. The effect of both
random and systematic variations are discussed in some detail by Barone and Paterno.16
15

A. W. Kleinsasser, W. H. Mallison, R. E. Miller, and G. B. Arnold, “Electrical characterization of Nb/Al-oxide/Nb
Josephson junctions with high critical current densities,” IEEE Trans. Appl. Superconduct., Vol. 5, pp. 2735–2738,
June 1995.
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Figure 4.05f (i) Current density vs. distance perpendicular to magnetic field and (ii) the corresponding dependence of maximum zero-voltage current on magnetic field.

One practical point should be made here. Using a typical junction width of 5 µm ,
and a penetration depth (say, for Nb) of 80 nm, and an oxide thickness of 0.7 nm, we find that
the junction contains one flux quantum when the magnetic field in the junction
2
B 0 = 25 × 10 –4 Wb ⁄ m (or 25 G).
In the general case, we note that we can write (7) in the form
I ( B 0 ) = Im e iφ ( 0 )

∫

∞

–∞

J c ( z )e iβz dz

(12)

_
where β = ( 2ed′ ⁄ h )B 0 . Thus, I c ( B 0 ) is the magnitude of the complex Fourier transform of
the y -integrated current density (5); that is,
I c( B0 ) =

∫

∞

–∞

J c ( z )e iβz dz

(13)

It is of interest that this can be used to design junctions to give some desired dependence of the
16

A. Barone and G. Paterno, Physics and Applications of the Josephson Effect. New York: John Wiley and Sons, 1982.

178

Chapter 4 • Josephson Junctions

y
x

B

Figure 4.05g Diamond-shaped junction with applied magnetic field. The threshold characteristic
is almost completely free of side lobes. (Data from footnote 17.)

critical current on magnetic field. An example in which the aim was to get I c ( B 0 ) to approximate the form of a rectangular pulse is shown in Fig. 4.05f. By shaping the tunneling region, we
can control the y -integrated current density J c ( z ) . It is not possible to get every desired I c ( B 0 )
because it is the magnitude of the transform and not the transform itself. For example, to get a
rectangular shape of I c ( B 0 ) would require J c ( z ) to be in the form sin z ⁄ z ; but J c ( z ) can only
be positive, whereas sin z ⁄ z must be negative in some places.
Particularly interesting junctions were evaluated for reduction of the side lobes in the I c
vs. Φ characteristic as well as for the effect on Fiske resonances (Sec. 4.07).17 Figure 4.05g
shows the junction shape, the width of which can be interpreted as the function J c ( z ) in (5), and
the corresponding I c vs. Φ characteristic.
Finally, it should be recalled that we have not accounted for the magnetic field produced
by the tunneling current itself. The way the connections are made to the junction and the presence of a ground plane (Sec. 3.09) strongly affect these self-magnetic fields.
Problems
4.05a

Determine the I c ( B 0 ) relation for a junction having a circular tunneling region of radius a
and assuming a uniform J c ( y, z ) .

4.05b

Determine the I c ( B 0 ) relation for a junction having a diamond-shaped tunneling region.
The tunneling region lies in the range – a ≤ z ≤ a and has its maximum y dimension at
z = 0 . The maximum range of y is – b ≤ y ≤ b . The magnetic field is in the y direction
and J c ( y, z ) is uniform.

4.05c

Suppose a junction of width L (as in the junction represented by Fig. 4.05c) is made too
thick for Josephson tunneling and has two very weak shorts at y = 0, z = ± L ⁄ 2 . Treat

17

J. G. Gijsbertsen, E. P. Houwman, B. B. G. Klopman, J. Flokstra, H. Rogalla, D. Quenter, and S. Lemke, “Field
dependence of the Josephson current and Fiske resonances in specially shaped Josephson junctions,” Physica C,
Vol. 249, pp. 12–24, 1 July 1995.
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the shorts as δ functions with critical currents I s and find the dependence of I c of the
junction on B 0 . Repeat for three shorts located at y = 0, z = 0, ± L ⁄ 2 .

4.06 Self-Field Effects: Dependence of Ic on Shape and
Size of Junction
In Sec. 4.05 we discussed the dependence of the maximum zero-voltage current that can be
passed through a junction on the strength of a magnetic field threading through the insulating
layer in the junction. We neglected entirely the fact that the tunneling current can also produce a
magnetic field that affects the behavior of the junction. Two important symptoms of the effect of
the self-field are:
a. the current passed by a junction does not increase indefinitely as the size of the junction is increased; and
b. there are no values of applied field for which the maximum zero-voltage current is
zero, as was the case in Fig. 4.05d.
The analysis of this situation involves nonlinear mathematics and is necessarily numerical.
Two similar junction configurations have been analyzed;18 the results have been applied approximately to other junction shapes with some success.19 The basic shape is the in-line junction
shown in Fig. 4.06a; analyses have been done with and without the ground plane (cf. Sec. 3.09).

Figure 4.06a In-line Josephson junction.

The effect of the image current in the ground plane is to cancel the magnetic field produced in
the junction area by the lower electrode. It also makes uniform, in the y direction, the z-directed
18

C. S. Owen and D. J. Scalapino, “Vortex structure and critical currents in Josephson junctions,” Phys. Rev., Vol.
164, pp. 538–544, 10 December 1967. S. Basavaiah and R. F. Broom, “Characteristics of in-line Josephson tunneling gates,” IEEE Trans. Magn., Vol. MAG-11, pp. 759–762, March 1975.
19 K. Schwidtal, “Type-I and type-II superconductivity in wide Josephson junctions,” Phys. Rev. B, Vol. 2, pp. 2526–
2532, 1 October 1970.
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current in the junction electrodes, which would otherwise be peaked at their edges. We shall see
below the effect of the ground plane on the tunneling current.
We seek information about the distribution of the tunneling current in the junction and its
maximum value as functions of the strength of the field applied in the plane of the junction. We
restrict attention to the z dimension, assuming that there is no variation in the y direction. As
will become clear later, neglect of y variation can be justified when the width w is comparable
to or less than the Josephson penetration depth λ J [Eq. 4.04(11)]. To analyze the junction currents, we employ the one-dimensional, time-independent form of the wave equation for the
phase difference φ , Eq. 4.04(10):
∂2φ
sin φ
--------2 = -----------2
∂z
λJ

(1)

and the integral of Eq. 4.05(4) in which J c ( z ) is assumed to be a constant J 1 :
I ( B y0 ) = J 1

∫

∞

–∞

sin φ ( z ) dz

(2)

These equations are numerically evaluated using boundary conditions that can be derived from
Eq. 4.03(7):
∂φ
-----∂z

2ed′ 0
-B
=  --------- _h y  z = 0, L

z = 0, L

(3)

where the values of B y0 at the two ends of the junction are different depending on whether or not
there is a ground plane; it is in the boundary conditions that the differences of the calculated
results originate. With or without the ground plane, the fields at the two ends of the junction
must differ by the amount of the current (the tunneling current) enclosed. Thus
W [ B y0 ( 0 ) – B y0 ( L ) ] = µ 0 I

(4)

For the junction without a ground plane, the applied B y0 is decreased by the field of the tunneling
current as much on one end of the junction as it is increased on the other end, so the average is
the applied field:
1 0
--- [ B y ( 0 ) + B y0 ( L ) ] = µ 0 H ex = B ex
2

(5)

For the junction with a ground plane, the tunneling current flows into the junction through the
lower electrode and the field at the z = 0 end of the junction is canceled by the field of the
image current in the ground plane. Thus the induction at z = 0 is just the applied value B ex ,
0

B y ( 0 ) = B ex
B y0 ( 0 )

B y0 ( L )

(6)

Solving (4)–(6) for
and
and substituting them into (3) gives the boundary conditions to be applied in the solution of (1) and (2).
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Figure 4.06b Distribution of Josephson tunneling currents in in-line junctions of three different
normalized lengths ( L ⁄ λ J = 2 , 5, and 15) without a ground plane (after Basavaiah and Broom,
footnote 18). No applied magnetic field.

Let us look first at the calculated distribution of tunneling-current density in the absence of
an externally applied field. Figure 4.06b shows that the distribution in the case without a ground
plane is symmetric, which would be expected from the symmetry of the structure. The distribution in Fig. 4.06c for the junction with a ground plane reflects the asymmetry it imposes. The

Figure 4.06c Distribution of Josephson tunneling currents in in-line junctions of three different
normalized lengths ( L ⁄ λ J = 2 , 5, and 15) with a ground plane (after Basavaiah and Broom, footnote 18). No applied magnetic field.
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Figure 4.06d Maximum zero-voltage current as a function of length for in-line junctions with
(from Basavaiah and Broom, footnote 18) and without (from Owen and Scalapino, footnote 18) an
underlying ground plane. No applied magnetic field.

most striking feature in these diagrams is that when the junction length is much greater than the
Josephson penetration depth λ J , there is very little current in the center. This occurs because the
tunneling current produces a magnetic field which causes a decrease in the phase difference in
the center, according to (3). The Josephson penetration depth plays a role similar to that of the
London penetration depth for bulk superconductors. There is one significant difference which is
most obvious in Figs. 4.06b,c for the longest junctions. The peak of the current density is not at
the edge of the junction but is positioned where needed to maximize the total current. The total
critical current as obtained by (2) is the area under the curves in Figs. 4.06b,c and is shown on
Fig. 4.06d. We notice that the current saturates at a length of 3–4 times the Josephson penetration depth at values of 2λ J J 1 or 4λ J J 1 depending on whether or not there is a ground plane,
respectively. Thus there is a limit to how much current can be obtained by increasing the junction size.
Now let us consider the effect of an applied external field. For very small junctions (compared with the Josephson penetration depth) the self-field is negligible and the Fraunhofer pattern in Fig. 4.05d results, but for larger junctions this becomes distorted. Figure 4.06e shows
theoretical and experimental curves of dependence on applied flux for the junction with a ground
plane for three different lengths. (The curves for the case without a ground plane are symmetrical but otherwise similar.) It is to be noticed that I c does not reach zero for any value of B ex . To
understand this situation, refer back to Fig. 4.5e(iii); with an applied magnetic flux of one flux
quantum Φ 0 there is only a circulation of the supercurrent in the junction—this circulation is
called a vortex. Equal positive and negative currents flow through the junction so there is zero
net current. The critical value of current density exists at two points. Since any net current would
raise the current density above the critical value at some point in the junction, the net critical cur-
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Figure 4.06e Dependence of the maximum zero-voltage current in an in-line junction with a
ground plane on applied external flux. (Copyright © IEEE. Reprinted, with permission, from
Basavaiah and Broom, IEEE Trans. Magn., Vol. MAG-11, p. 762, March 1975.)

rent for the junction is zero, as shown in Fig. 4.05d. Increasing the applied flux as in Fig.
4.05e(iv) so there are between one and two vortices in the junction leads to a pattern of currents
such that they do not cancel out and a nonzero net current can exist. When more than one flux
quantum is present in the junction, there are corresponding loops of circulating current and it is
said to be in the vortex state. The difference produced by nonvanishing self-fields is that there is
more than one vortex state that can exist for some values of applied flux density B ex . This is
suggested by the broken (theoretical) line in the middle part of Fig. 4.06e; the small hump corresponds to the first small hump on the right side of Fig. 4.05d. As in the latter situation, the junction contains between one and two vortices while on that part of the characteristic. The
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Figure 4.06f Two different states having about the same net current, which could exist at the
same applied flux lying in the region of overlap of the main hump and the smaller hump on the right
side of the middle graph in Fig. 4.06e. The state in (i) has more than one vortex and belongs to the
smaller hump; that in (ii) has less than one vortex and is described by the larger hump.

difference here is that the curve for less than one vortex overlaps that for one-to-two vortices;
two distinct states are possible there. The idea is illustrated by the states shown in Fig. 4.06f;
both are possible at the same value of applied flux. The state of the junction depends on the history and value of the junction current and the applied field B ex . It should be noted that the maximum zero-voltage current occurs at a negative applied flux in Fig. 4.06e; for long junctions, the
value attained there is the same as for the junction without a ground plane with zero applied flux.
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Figure 4.06g Distribution of tunneling current density in a square junction with linear dimension
of 5λ J with two different arrangements of current flow as indicated by the arrows. (Data from Barone and Paterno, footnote 16.)
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The theory of critical currents in large junctions has been developed much more extensively.20 Even for the simplest boundary conditions, closed form solutions are not possible and
final evaluations must be done numerically. The distributions of currents depend strongly on the
boundary conditions, which are set by the way the current is fed to the junction. The solutions
above are for a one-dimensional problem. It is of interest to see the result of an analysis in which
currents are connected from two directions. Figure 4.06g shows the contours of equal current
density in two different cases.
Problem
4.06

Consider an in-line junction with no ground plane for which the following data apply:
W = 5 µm, L = 20 µm, I c = 7.2 mA . Take d′ = 0.2 µm . Find the maximum zerovoltage current density J c , assumed to be constant over the junction. (Note that you do not
know a priori whether the junction is “small” or “large.”)

4.07 Resonances in Josephson Junctions: Fiske Modes
As discussed in Sec. 4.04, the structure of a sandwich-type Josephson tunnel junction acts as a
parallel plane transmission line. For simplicity, we will assume that the junction is much longer
in the direction z of wave propagation, so that we can neglect variations in the orthogonal y
direction. We derived a wave equation, Eq. 4.04(6), in terms of the electric field E x0 = V ⁄ d in
the wave. Neglecting for the moment the Josephson currents, which will be considered a perturbation, the characteristic impedance of the wave is Z 0 = ( L ⁄ C ) 1 / 2 , where L and C are inductance and capacitance per unit length in the direction of wave propagation; it is found using the
parallel plate formula for C and Eq. 3.09(11) for L . For a typical small junction Z 0 is less than
1 Ω. It is seen that Z 0 is more than two orders of magnitude lower than that of free space,
[ µ ⁄ ε ] 1 / 2 = 377 Ω . Therefore, the ends of the junction are nearly open circuits and we can
assume that total reflection occurs. Waves of frequency ω propagate in the positive and negative
z directions so the total voltage for one pair of waves is
V ( z, t ) = A + e –i ( ωt – βz ) + A − e –i ( ωt + βz )

(1)

where β = ω ⁄ v ph . The boundary condition on an open-ended transmission line is that current
is zero. Since ∂V ⁄ ∂z ∝ I , ∂V ⁄ ∂z = 0 at z = 0, L , where L is the length of the junction. Substituting this into (1), the result is that sin β n L = 0 where β n = ω n ⁄ v ph for the resonance frequency ω n . Therefore, β n L = nπ , so the resonant frequencies are
nπv ph
ω n = ------------L
The voltages in the modes are given by
nπ
V ( z, t ) = A n e –i ωn t cos ------z
L
20

See footnote 16.

(2)

(3)
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Figure 4.07 Experimental observation of Fiske steps in an I–V characteristic of an Sn/SnOx/Sn
tunnel junction. Copyright © IEEE, 1966, Reprinted with permission from D. N. Langenberg, et al.,
Proc. IEEE, Vol. 54, pp. 560-575, April 1966.

The oscillating Josephson currents can excite these modes if a magnetic field is present in the y
direction. In this case Josephson currents have spatial distributions similar to those in Fig. 4.05.
With the time dependence added to Eq. 4.05(6), we see that the currents sweep across the junction according to the function
J ( z, t ) = J c sin φ ( z, t ) = J c sin ( ω J t – β J z )
(4)
_
where β J =
⁄ h as in Eq. 4.05(6) and the Josephson frequency is related to the time_
average voltage V across the junction, ω n = ( 2e ⁄ h )V n .
The result of the excitation of the modes is that steps are seen in the I–V characteristic
when, as is usually the case, the source impedance for the current supply is much higher than
that of the junction. These are called Fiske steps.21 They appear at applied voltages related to the
resonant frequencies by the Josephson relation. Thus the voltages at which the steps appear are
2ed′B 0

_
_
v ph
h
h
V n = ------ ω n = ------ nπ ------2e
2e
L

(5)

An example can be seen in the experimental data in Fig. 4.07. The magnitudes of the steps
depend on the magnetic field strength. One would see the resonances as peaks of current on the
I–V characteristic rather than steps if voltage biasing were used, but that is difficult experimen21

M. D. Fiske, “Temperature and magnetic field dependences of the Josephson tunneling current,” Rev. Mod. Phys.,
Vol. 36, pp. 221–222, January 1964. D. D. Coon and M. D. Fiske, “Josephson ac and step structure in the supercurrent tunneling characteristic,” Phys. Rev., Vol. 138, pp. A744–A746, 3 May 1965.
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tally. We see in Fig. 4.07 that the step is not vertical, which indicates that resonance is excited
over a range of frequencies (voltages) around those given by (5). Keep in mind the distinction
from the vertical steps induced by an applied RF current that appear even in the absence of a
magnetic field (see Fig. 4.12e); the Fiske steps require a dc magnetic field but no external RF
excitation.22
Expressions for the frequencies and amplitudes of the resonant modes have been derived
on the basis of the wave equation Eq. 4.04(10), modified to include quasiparticle current
J p = [ 1 ⁄ R q ( V ) ]V ( z, t ) , where V ( z, t ) is the voltage at any point along the junction structure.23 It is assumed that there is a perturbation phase φ 1 related to the voltages in the resonant
modes by the Josephson relation. The wave equation is recast into one for the perturbation
phase. The amplitudes of the resonances as functions of the magnetic fields and applied dc voltage (alternatively, Josephson frequency) are calculated. This analysis assumes that the only
source of loss is the quasiparticle current. However, there are other losses which should also be
taken into account, such as those caused by induced currents in the junction electrodes and radiation.
Intuitively, one would expect a strong interaction if the frequency of the Josephson current
were the same as the resonant frequency and its phase velocity matched that of a wave component of the standing wave pattern of a mode. It can easily be shown (Prob. 4.07) that the maxima
of the resonances would occur when the relative total magnetic dc flux Φ ⁄ Φ 0 in the junction is
n ⁄ 2 . The perturbation analysis described above, which takes account of quasiparticle losses,
gives for the first several maxima, Φ ⁄ Φ 0 = 0.7, 1.15, 1.60, 2.05 , which is not far off from
n⁄2.
Problem
4.07

Using the intuitive viewpoint discussed in Sec. 4.07, show that resonance peaks should be
expected where a field applied in the y direction has a value Φ ⁄ Φ 0 = n ⁄ 2 . What are
the corresponding values of magnetic flux density B 0 in the barrier? For a Nb/AlOx/Nb
junction of length L ( z direction ) = 10 µm and width w ( y direction ) = 5 µm and
current density J c = 1 kA/cm 2 , find the voltages at which the resonance peaks should
occur. Use data in Fig. 4.09b. Assume ε r of the barrier is 4.0 and λ Nb = 0.8 µm .

4.08 Conducting-Barrier Josephson Junctions
The junction properties described in the preceding sections were presented in the context of tunnel junctions; here we discuss other types of junctions which also exhibit the Josephson effects.
The Feynman analysis in Sec. 4.02 is applicable to a general type of junction since the coupling
22

D. N. Langenberg, D. J. Scalapino, and B. N. Taylor, “Josephson-type tunnel junctions as generators of microwave
and submillimeter wave radiation,” Proc. IEEE, Vol. 54, pp. 560–575, April 1966.
23 A review of this analysis is given in Barone and Paterno, Chap. 9, footnote 16.
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Figure 4.08a Various forms of conducting-barrier Josephson junctions. (i) Sandwich form. (ii)
Horizontal sandwich form (“ramp junction”) used for HTS materials. (iii) Metal-bridge junctions
where bridge is a normal metal or reduced-Tc superconductor film. (iv) Coplanar form of semiconductor barrier junction; conduction is through the highly conductive surface.

is only described by a single parameter.
Josephson junctions of many different configurations have been demonstrated, both in
low-temperature metallic superconductors and high-temperature oxide superconductors. The
most important may be categorized as either sandwich-form or coplanar. The sandwich form
[Fig. 4.08a(i)] has the practical advantage of having an easily controlled junction area. The
coplanar type is formed on one surface by producing a weak bridge between two superconductor
regions. These can be made in a number of different ways (Fig. 4.08a). Sandwich junctions have
been made with a normal-metal barrier layer separating the two superconducting layers (SNS)
and also with a degenerate semiconductor barrier layer (SSeS). The coplanar form likewise has
been realized with both metal (SNS) and semiconductor bridges (SSeS) between the two superconductors. Most of the theoretical work has assumed a one-dimensional current flow. Current
flow in some of the coplanar devices is well represented by the one-dimensional theory and
some are more complex, as suggested in Fig. 4.08a, but one-dimensional theory is often applied.
The I–V characteristics of these conductive barrier devices usually appear as in Fig. 4.08b.
We refer to these as nonhysteretic since the same path is followed upon lowering the drive current as upon raising it. In some semiconductor barrier junctions, there is a degree of hysteresis in
the I–V characteristic (Fig. 4.08c).
We present here some equations that are useful for applications without telling how they
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Figure 4.08b,c (b) Nonhysteretic I–V characteristic typical of metal-barrier junctions and some
semiconductor-barrier junctions. (c) I–V characteristic with hysteresis found for some semiconductor-barrier junctions.

are derived, as we did for the Ambegaokar-Baratoff expression for tunnel junctions, Eq.
4.02(11). These theoretical results all depend on the fact that electron pairs leak from the superconductors into the conducting barrier layer and the density of pairs decreases with distance
from the superconductors. The decay in density is approximately exponential with the 1 ⁄ e distance being a quantity called the coherence length for the normal conducting barrier ξ n .
_
hD 1 / 2
ξ n =  ----------------
 2πk B T 

(1)

where D is the diffusion constant D = ( 1 ⁄ 3 )v F l n , v F is the Fermi velocity given by Eq.
1.04(8), and l n is the mean free path in the normal material. The numerical values of ξ n depend
on temperature both directly and through l n , and depend on the type of conducting material
through v F . The conducting materials that have been used include metals such as copper and
gold, an extensive list of degenerate semiconductors, and conducting oxides in the case of HTS
devices.
The barrier must be thin enough to allow the pair wavefunctions leaking in from the two
superconductors to overlap sufficiently to overcome the thermal energy. The allowed thickness
depends in a complicated way on the conducting material and the nature of the interfaces
between the normal and superconducting regions.

Superconductor/Normal-Metal/Superconductor (SNS) Junctions
The original theory for the SNS junction was given by de Gennes using the assumption that both
the superconductors and the normal conductor have mean free paths much shorter than their
respective coherence lengths.24 This theory is based on the phenomenological Ginzburg-Landau

190

Chapter 4 • Josephson Junctions

Figure 4.08d Results of the microscopic theory by Likharev for a metal-coupled Josephson junction with no suppression of the order parameter in the electrodes (solid lines). Data from de
Gennes formulation shown for comparison (dot-dash lines). Reprinted with permission. © Institute
of Physics, U.K. See footnote 26.

theory which will be explained in Chap. 7. He assumed that the length L (in the direction of current flow) is much greater than ξ n .
Sandwich-form SNS junctions with metal barriers are not practical for many applications
because the extremely low resistance precludes matching efficiently to other circuit components.25 Some devices believed to have this SNS form and made with high-temperature oxide
superconductors have been considered potentially practical devices; the physics of those devices
has been extensively considered by Delin and Kleinsasser26 and by Gross et al.27
Likharev developed a theory for SNS junctions that does not require T near Tc and L » ξ m
as in the deGennes theory.28 There is no suppression of the order parameter in the superconducting region, so it is applicable to a coplanar structure in which the bridge [Fig. 4.08a(iii)] is very
weak compared with the superconducting “banks.” He also assumed that the order parameter is
continuous between the banks and the bridge. His results for I c R n vs. temperature are shown in
Fig. 4.08d, and his expression for critical current, simplified for 0.3T c < T < T c is
24

P. G. de Gennes, “Boundary effects in superconductors,” Rev. Mod. Phys., Vol. 36, pp. 225–237, January 1964.
However, series arrays of sandwich junctions have been employed: S. Benz, “Superconductor-normal-superconductor junctions for programmable voltage standards,” Appl. Phys. Lett., Vol. 68, pp. 3171–3173, May 1996.
26 K. A. Delin and A. W. Kleinsasser, “Stationary properties of high critical temperature proximity effect Josephson
junctions,” Superconductor Science and Tech., Vol. 9, pp. 227–269, April 1996.
27 R. Gross, L. Alff, A. Beck, O. M. Froehlich, D. Koelle, and A. Marx, “Physics and technology of high temperature
superconducting Josephson junctions,” IEEE Trans. Appl. Superconduct., Vol. 7, pp. 2929–2935, June 1997.
28 K. K. Likharev, “Superconducting weak links,” Rev. Mod. Phys., Vol. 51, pp. 101–159, January 1979.
25
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L

4 A ∆ 2 – ----I c ≅ ------------ -----------------e ξn
πeρ n k B T c ξ n

(2)

where ρ n is the resistivity of the barrier material and A is the barrier cross-sectional area. This
differs from the form of de Gennes’ result only by a small factor except at low temperatures. The
de Gennes calculation is superimposed in Fig. 4.08d for comparison. Experimental data for
bridges as shown in Fig. 4.08a(iii) agree well with the Likharev theory.
Another theory was later developed by Kupriyanov and Lukichev, which is less restricted
in device structure, type of material, and temperature range.29 It is also general enough to treat
the semiconductor-barrier device discussed below.

Superconductor/Semiconductor/Superconductor (SSeS) Junctions
The analysis for I c or I c R n of devices with degenerate-semiconductor barriers must take
account of the existence of Schottky barriers at the interfaces with the superconductors. A
degenerate semiconductor is approximately a weak metal so the device form is superconductor/
insulator/normal conductor/insulator/superconductor (SINIS). The earliest analysis30 was an
adaptation of the de Gennes theory to the case where the order parameter in the conducting
region is much smaller than that in the superconductors because of the Schottky barriers. Like
the de Gennes theory, it applies correctly to temperatures near T c , but has also been used at
lower temperatures. Since the complex interfaces between superconductor and semiconductor
have not been characterized accurately, we show only proportionality:
2a

1 – ------J c ∝ -------e ξSe
ξ Se

(3)

where 2a is the length of the conducting region and
_3
h µ
ξ Se = --------------------------*6πek B T m

1/2

( 3π 2 n ) 1 / 3

(4)

* , and n are the mobility, mobility effective mass, and carrier density, all of which
Here, µ, m Se
are treated as scalars, independent of position. For simplicity, it is assumed that the material
behaves as a weak metal. Despite the approximations involved, experimental measurements of
temperature and length dependence have been successfully fitted to this theory for various
superconductors with both sandwich and coplanar structures [Figs. 4.08a(i) and (iv)].
It should be pointed out that the Schottky barrier at the interface is an idealization since
the dopant spacing is on the same order as the thickness of the barrier. It is more likely that there
29

M. Yu. Kupriyanov and V. K. Lukichev, “The influence of the proximity effect in the electrodes on the stationary
properties of S-N-S Josephson structures,” Sov. J. Low Temp. Phys., Vol. 8, pp. 526–529, October 1982.
30 J. Seto and T. Van Duzer, “Theory and measurements on lead-tellurium-lead supercurrent junctions,” in Low Temperature Physics — LT 13, Vol. 3 (K. D. Timmerhouse, W. J. O’Sullivan, and E. F. Hammel, Eds.). New York: Plenum Press, 1974.
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are many conducting and insulating regions closely spaced over the surfaces of the superconductors, depending on the positions of the dopant ions. Such complexity has prevented the formulation of dependable theoretical expressions for I c or I c R n .

High-Temperature Junctions
There have been extensive efforts since the discovery of the high-temperature oxide superconductors in 1986 to develop a Josephson junction process for applications (see references in footnotes 26 and 27). Many different configurations have been tried including those in Fig. 4.08a,
but also ones that make use of discontinuities of the complex crystal structures of these materials, which was discussed in Sec. 1.11. The crystal boundaries usually act as Josephson junctions.
Several types of crystal boundaries have been used31 in circuits with up to 20 junctions. Inherently difficult are the small coherence lengths: e.g., for YBCO, 0.3 nm (c axis) and 1.6 nm (a and
b axes).
However, for applications such as digital circuits where large numbers of junctions are
required with well controlled critical currents, much more work will have to be done. The goals
of junction development for digital applications are: (1) I c R n as high as possible, consistent
with I c in the range of 100 – 200 µA for 4–10 K operation and proportionally higher for
higher operating temperatures and R n in the range of a few ohms; (2) I c reproducible between
chips and uniform on chip, both having standard deviation σ not much more than 3% for their
statistics; (3) suitable for incorporation in a dense integrated circuit process; (4) very low switching time; (5) if possible, both hysteretic and nonhysteretic junctions available on the same chip;
(6) indefinite thermal cycling from operating temperature to room temperature; and finally, (7)
chemical stability. Most of these requirements are either not met or are unknown for HTS junctions at this writing.

4.09 Circuit Models of Josephson Junctions
The Josephson relations derived in Sec. 4.02 apply to any junction between two superconductors
with a sufficiently weak coupling between them. Equations 4.02(8) and (9), upon integrating the
current density over the junction cross section, become
I = I c sin φ

(1)

2e
∂φ
------ = ----_- V
h
∂t

(2)

In general, the critical current I c depends on an applied magnetic field, if one is present, e.g.,
according to Eq. 4.05(10); in that case φ is the phase difference at the center of the junction if
the junction characteristics are spatially uniform. This electron pair current is represented in the
equivalent circuit model in Fig. 4.09a.
31

D. Dimois, P. Chaudhari, J. Mannhart, and F. K. LeGoues, “Orientation dependence of grain boundary critical currents in YBaCuO7 crystals,” Phys. Rev. Lett., Vol. 61, pp. 219–333, 11 July 1988.
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Figure 4.09a Equivalent circuit for a Josephson junction.

Capacitance
Another component is the displacement current which flows between the adjacent superconducting electrodes and is represented in the circuit model by a capacitance. This would be easy to
calculate in the case of a tunnel junction if the barrier thickness d and dielectric constant ε r
were known. In practice, these are only estimated and the capacitance used in modeling is
obtained experimentally. The parallel-plane capacitance formula is assumed; C = ε 0 ε r A ⁄ d
where A is junction area. Experimental evaluations have been published; a key result is shown
in Fig. 4.09b, which gives the capacitance per unit area as a function of the Josephson current
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Figure 4.09b Specific capacitance of Nb/AlOx/Nb Josephson junctions.
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density for important niobium/aluminum oxide/niobium junctions.32 Note that the dependence
is weak, which reflects the fact that the tunneling current density is exponentially dependent on
barrier thickness and capacitance is only linearly dependent. In semiconductor sandwich-form
junctions, a reasonable estimate can be made since the thickness can be determined and the
dielectric constant is usually known.
For other kinds of junctions, the situation is more complicated. In the metal-barrier sandwich-form SNS junction, the equivalent of a displacement term could only be derived from the
imaginary component of the conductance of the metal. Capacitance can at least be estimated for
some of the coplanar forms of junctions. For those having the shape in Fig. 4.08a(iii and iv), the
major contribution is that between the electrodes through the surrounding environment (Prob.
4.09b). For both the metal barrier and coplanar types, the capacitance is very small compared
with the conduction component. Capacitance measurements have been published for some kinds
of HTS junctions.33

Conductance
The conductance element G ( V ) in the equivalent circuit represents the quasiparticle current in
the case of tunnel junctions. Its value is the slope of a line from the origin to the quasiparticle
part of the I–V characteristic, as illustrated in Fig. 4.09c, with the result in Fig. 4.09d. In Fig.
4.09c, we have used a typical experimental I–V characteristic for modern niobium/aluminum
oxide/niobium junctions. There is very little conduction in the sub-gap region ( V < 2∆ ⁄ e ) . As
mentioned in Sec. 4.02, a measure of the quality of a tunnel junction is the quantity V m , which
is defined as the product of the critical current and 1 ⁄ G ( 2 mV ) . Values of V m > 40 are considI

G (V )
S lo p e = G (V )
S lo p e

= G
n

= R

V

n

−1

G n =R n

−1

G

s g

V

(c)

(d)

Figure 4.09c,d (c) Definition of G ( V ) on an experimental Nb/AlOx/Nb tunnel junction characteristic. (d) Conductance G ( V ) for a tunnel junction.
32

M. Maezawa, M. Aoyagi, H. Nakagawa, I. Kurosawa, and S. Takada, “Specific capacitance of Nb/AlO x/Nb Josephson junctions with current densities in the range of 0.1–18 kA/cm2,” Appl. Phys. Lett., Vol. 66, pp. 2134–2136, 17
April 1995.
33 E. J. Tarte, G. A. Wagner, R. E. Somekh, F. J. Baudenbacher, P. Berghuis, and J. E. Evetts, “The capacitance of bicrystal Josephson junctions deposited on SiTiO3 substrates,” IEEE Trans. Appl. Supercond., Vol. 7, pp. 3662–3669,
June 1997.
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Figure 4.09e (i) Josephson junction showing a possible subdivision (by dashed line) for equivalent circuit purposes. The dotted line is a loop along which an inductance can be defined. (ii) Equivalent circuit.

ered good for junctions with critical current densities around 1 kA/cm 2 . An alternate way of
looking at it is that the sub-gap conductance, say, G ( 2 mV ) is typically 15–25 times lower than
Gn .
A different approach is needed for conductive-barrier junctions. The conductances of
metal-barrier sandwich and coplanar junctions are usually treated as constants, which can be
estimated from the dimensions. There is a discontinuity at the metallic interfaces, but this is difficult to quantify. Semiconductor-barrier junctions typically have a substantial amount of subgap current. For practical modeling of G ( V ) for semiconductor coupled junctions (sandwich or
coplanar), one would measure the I–V characteristic with the supercurrent suppressed by a magnetic field.
In modeling of junctions for numerical computation, the conductance term is usually handled by piecewise-linear approximation. In some cases, analytic functions are fitted to the quasiparticle characteristic.
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Other Issues in Modeling
For junctions long enough that the inductance of the electrodes is significant with respect to the
Josephson inductance L J = Φ 0 ⁄ 2πI c , as suggested in Fig. 4.09e(i), one should use a parallel
set of circuits as in Fig. 4.09e(ii), connected by inductances representing the electrodes.
Finally, it should be noted that in many different kinds of junctions, the extrapolation
downward of the linear part of the I–V characteristic found above the energy gap V = 2∆ ⁄ e
does not always go to the origin. Often there is either so-called “excess current” or “deficit current” and the reasons are complex.34 In this text, we simplify by assuming there is neither excess
nor deficit in the analytic model and, in computer simulation, the actual shape can be modeled.
Problem
4.09a

Set up one model for a Nb/AlOx/Nb Josephson tunnel junction in each of the CAD programs JSIM and WinS. (See Appendix C.) Assume the following junction characteristics.
IcRn = 1.7 mV, Ic = 0.1 mA, Jc = 5 kA/cm2, Rsg = 20Rn. Use Fig. 4.09b for the capacitance
calculation.

4.09b

It is desired to find the capacitance for the junctions of the type shown in Figs. 4.08a(iii
and iv). Neglect the material coupling the electrodes. Take the gap to be of length L and
the length of each electrode to be a . Assume a dielectric of permittivity ε r ε 0 surrounding
the electrodes. By the method of conformal transformation, it can be shown that the capacitance between infinite coplanar strip electrodes for a unit length along the direction of the
narrow dimension of the gap is given by
C = 2ε r ε 0 K ( k ) ⁄ K ( 1 – k 2 )
where k = a ⁄ ( a + L ) . The quantity K ( k ) is the complete elliptic integral of the first
kind.
(i)

Argue the required change in the above expression if the electrodes are deposited on a
substrate of relative permittivity ε rs with air above the substrate. Take the substrate
to fill the half-space below the electrodes.

(ii) As a typical example, take the electrode lengths to be 40 µm and widths to be 5 µm
with a gap of 0.3 µm and find the capacitance. Comment on the effect of fringing
that occurs in this example because of the finite ( 5 µm ) electrode widths. Take
εr = 4 .
(iii) Compare with the data in Fig. 4.09b for a Nb/AlOx/Nb tunnel junction.

4.10 Static I–V Characteristics with a dc Source
In this section we shall study the equivalent circuit shown in Fig. 4.09a with G constant following the analyses of Stewart35 and McCumber.36 It is assumed that the circuit is driven by a dc
current source; one could also study how to modify the results for a source with a finite internal
34

A. W. Kleinsasser, “Excess currents and voltages in superconducting junctions,” Appl. Phys. Lett., Vol. 62, pp. 193–
195, 11 January 1993.
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impedance. The differential equation for the circuit and source is37
dV
I = I c sin φ + GV + C ------dt

(1)

By making use of Eq. 4.02(9), the right side of (1) can be put entirely in terms of φ :
_
_
hC d 2 φ hG dφ
I = ------- --------2- + ------- ------ + I c sin φ
2e dt
2e dt

(2)

If (2) is divided by I c and t is replaced by a new time variable,
_
∆
∆
θ = ω c t = ( 2e ⁄ h ) ( I c ⁄ G )t

(3)

d 2 φ dφ
I
---- = β c --------2- + ------ + sin φ
dθ
Ic
dθ

(4)

2e  I c C
∆ ωc C
- ---- ---βc =
---------- =  ---- _h   G G
G

(5)

we obtain

where

Notice that ω c is the Josephson angular frequency [see Eq. 4.02(14)] for a voltage corresponding to the maximum zero-voltage current I c and the conductance G . Also, note that β c is the
ratio of the capacitive susceptance at that frequency to the shunt conductance.
_
The aim is to find the average value of voltage V = 〈 ( h ⁄ 2e )dφ ⁄ dt〉 with a given constant applied current. In the simplest case, where C = 0 and hence β c = 0 , (4) can be integrated directly (see Prob. 4.10a), and we obtain for positive current
V =0

for I < I c

V = ( I c ⁄ G )[ ( I ⁄ I c )2 – 1 ]1 / 2

for I > I c

(6)

This parabolic dependence for I > I c and β c = 0 is shown in Fig. 4.10a, where normalized
voltage GV ⁄ I c is plotted in relation to normalized current I ⁄ I c .38 We see that for each value
35

W. C. Stewart, “Current-voltage characteristics of Josephson junctions,” Appl. Phys. Lett., Vol. 12, pp. 277–280, 15
April 1968.
36 D. E. McCumber, “Effect of ac impedance on dc voltage-current characteristics of superconductor weak-link junctions,” J. Appl. Phys., Vol. 39, pp. 3113–3118, June 1968.
37 There is properly another term in (1) which represents an interference between the pair current and the quasiparticle
current. It does not seem to affect applications and is normally omitted. For a discussion of the term, see K. K.
Likharev, A. B. Zorin, I. O. Kulik, and J. R. Schrieffer, “The sign of the interference current component in superconducting tunnel junctions,” Sov. J. Low Temp. Phys., Vol. 5, pp. 537–546, October 1979.
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Figure 4.10a Normalized I–V characteristics for a Josephson junction described by the equivalent circuit of Fig. 4.09a for cases of negligible ( β c = 0 ) and dominating ( β c = ∞ ) capacitance.

of current there is a unique value of voltage. The line marked β c = ∞ in Fig. 4.10a describes
the relation between I and V for a constant conductance G by itself. It is clear that an appreciable amount of dc current is flowing through the Josephson junction at low voltages for β c = 0 .
If the voltage across the junction were dc only, there would be only a sinusoidal ac current,
according to Eq. 4.02(13), with a zero average value. Actually, the ac current through the junction must pass through the shunt conductance as the source has infinite impedance; it thus produces an alternating voltage across the junction, so the rate of change of phase is no longer
constant. The result is a complex temporal variation of current; as seen by averaging
V = ( 2π ⁄ Φ 0 )dφ ⁄ dt over one period, it has a periodicity equal to the Josephson frequency
equivalent of the average voltage. Figure 4.10b shows how the current becomes increasingly
nonsinusoidal as the voltage approaches zero. It is the average value of this wave that adds to the
current through the conductance to give the β c = 0 curve in Fig. 4.10a.
The situation becomes appreciably more complex when the capacitance is not negligible
( β c ≠ 0 ) . For I > I c there is again a unique value of V for each I . However, there is a range of
current I min ≤ I ≤ I c in which there are two values of voltage, V = 0 and V ≠ 0 . Also, below
I min the voltage is zero. To obtain the actual relation between the (normalized) average voltage
and the constant applied current, (4) must be integrated numerically. The result for β c = 4 is
shown in Fig. 4.10c. If a junction with β c = 4 were connected to a dc current source and the
current raised from zero, the I−V characteristic would be traced out as shown by the arrows.
38

It should be kept in mind that the Josephson junction is a symmetric device, so all I–V characteristics have symmetry
about the origin as in Fig. 4.09c. In this text we usually show only the positive portion for economy of space.
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Figure 4.10b Time dependence of current through the Josephson junction in the circuit of Fig.
4.09a for small β c at three different points on the I–V characteristic. The average values of these
functions measure the difference of the I–V characteristic from that for ( β c = ∞ ) , where only the
current through G determines the average voltage.

When the current reaches I c , an abrupt jump to a finite voltage occurs, and upon subsequent
reduction of the current, the voltage returns to zero along a different path. Here, as in the
β c = 0 case, the ac current in the junction has an average value which contributes to the total dc
current, so that I > GV .
One can repeat the calculations for various β c and find the ( I ⁄ I c ) min and, hence, the
amount of hysteresis in each case. Figure 4.10d shows the dependence of ( I ⁄ I c ) min on β c as

Figure 4.10c Normalized I–V characteristic for a junction represented by the circuit of Fig. 4.09a
with β c = 4 .
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Figure 4.10d Dependence of the minimum current (when current is decreased from values
greater than I c ) in the shunt–GC equivalent circuit in Fig. 4.09a on the admittance ratio β c .

originally found independently by Stewart and McCumber. The case of β c ≅ ∞ is where the
capacitive susceptance at frequency ω c [Eq. (3)] is very much larger than the conductance. One
finds that, for β c = ∞ , the current rises to I c and then makes an abrupt transition to the straight
line in Fig. 4.10a. Subsequent decrease of current follows the straight line to the origin because
( I ⁄ I c ) min = 0 . In this case the ac current in the junction (Fig. 4.10b) is shunted through the
capacitance and does not develop an ac voltage. Thus the current in the junction is purely sinusoidal and does not contribute a dc component to the total current.
For junctions of the coplanar type [Fig. 4.08(iii and iv)], the capacitance is very small and
β c ≈ 0 under almost all circumstances. In the sandwich-type junctions shown in Fig. 4.08a(i and
ii), there can be a substantial amount of capacitance, and significant amounts of hysteresis might
be seen in the I–V characteristics. In all existing data on junctions with normal-metal coupling,
the low resistance of the metal leads to nonhysteretic I–V characteristics ( β c ≈ 0 ) . At the other
extreme in the insulating-barrier junctions, extremely high current densities are required to get
tunneling conductances high enough to avoid hysteresis. The semiconductor-coupled junctions
have been made both with hysteretic and nonhysteretic I–V characteristics.
We note that the shape of the I–V characteristic for β c = ∞ (Fig. 4.10a) is quite different
from that given by the solid line in Fig. 4.02a for a tunnel junction. The reason for this difference
is that the quasiparticle conductance in a tunnel junction is actually far from constant.
Problems
4.10a

Integrate (4) to show that the I-V characteristic for β c = 0 has the parabolic form given
by (6) for I > I c .

4.10b

Junctions with β c ≅ 0 are used in certain applications where the dynamic impedance of
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the junction is an important factor. Assuming β c = 0 , derive an expression for the
dynamic impedance of the junction at low frequencies where the slope of the I–V characteristic can be used. If a dc constant-current source is used to bias the junction at the point
where the low-frequency dynamic resistance is 5 ⁄ G , where G is the junction shunt conductance, what is the highest frequency for which you would feel justified to use the slope
of the I–V characteristic? State your reasoning. Illustrate numerically using the typical
value I c ⁄ G = 1 mV .
4.10c

Estimate the average power supplied to a junction by an ideal ac current source operating
at a low frequency. Assume that the junction shunt resistance is 1 Ω , β c = 4.0 , the peak
current is 1.0001I c , and the average current is zero. Note that the I–V characteristics given
in this section also apply to negative currents. The latent heat of vaporization of liquid
helium is 0.605 kcal/1. Calculate the time required for the heat generated by cycling this
junction to evaporate one liter of liquid helium if I c = 1.0 mA .

4.10d

A small-area Josephson junction is supplied with a constant current much less than the
critical current in the period – ∞ < t ≤ 0 . At t = 0 the source current is reduced to zero.
Linearize the differential equation describing the junction behavior and find the solution.
Show that in the case of negligible losses, the frequency of oscillation is given by
_
ω p = ( 2eI c ⁄ hC ) 1 / 2 and that for a small junction, this is the same as the “plasma oscillation” frequency introduced in Eq. 4.04(15). Show that the time for a decay by 1 ⁄ e in the
presence of losses is 2C ⁄ G .

4.11 Analogs of Small-Area Josephson Junctions
There are two different kinds of mechanical analog for the Josephson junction which have
proved to be of immense value in understanding the complex nonlinear phenomena that take
place in a junction. The first is a driven pendulum—this often has been used to gain insights that
do not come from studying calculated numerical results. The second is used almost exclusively
for thought experiments—it is not convenient for use as a real experiment, since it involves a ball
rolling down a corrugated slope which must, perforce, be of limited length.
In addition to the mechanical analogs, electronic analogs have been developed. These do
not share with the mechanical analogs the advantage of easy visualization but rather provide a
means for readily evaluating changes in the parameters of the simulated junction or the circuit to
which it is attached. The simulated results suffer somewhat in accuracy but can facilitate the
determination of ranges of parameters that are of interest for more precise numerical calculations or experiments. We shall concentrate here on the mechanical analogs because of their
importance in visualizing the complex behavior of the Josephson junction.
In this section we study the application of these analogs to junctions small enough to
ensure that internal inductances can be neglected and the junction can be represented by a single
shunt circuit (Fig. 4.09a). This does not require the current to be uniform in the junction and the
critical current may depend on an applied magnetic field as mentioned in connection with Eqs.
4.10(1) and 4.10(2).
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Driven-Pendulum Analog
The fundamental equation for a pendulum relates the torque to the angular acceleration:
T = Md 2 φ ⁄ dt 2
(1)
The constant M is the moment of inertia of the pendulum. The torque T consists of:
a. the applied torque T a ;
b. the gravitationally produced restoring torque, mgl sin φ , where m is the mass of
the pendulum bob, g is the gravitational acceleration, l is the length of the pendulum arm (assumed weightless), and φ is the angle from the vertical;
c. the damping torque D dφ ⁄ dt , where D is a damping constant.
Combining these, we get
d 2φ
dφ
M --------2- + D ------ + mgl sin φ = T a
dt
dt

Figure 4.11a Driven-pendulum analog.

(2)
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This is to be compared with Eq. 4.10(2)
_
_
hC d 2 φ hG dφ
------- --------2- + ------- ------ + I c sin φ = I
(3)
2e dt
2e dt
By comparing (2) and (3), we see that:
a. the angle φ is the analog of the phase difference φ ;
b. the angular velocity is the analog of voltage;
c. the moment of inertia is the analog of capacitance;
d. the damping constant is the analog of conductance;
e. the maximum gravitational torque is the analog of the maximum zero-voltage current; and
f. the applied torque is the analog of the source current.
The actual form of an analog of this type is shown in Fig. 4.11a. The mass m of the pendulum bob is attached to the large disk at a distance l from its center. The moment of inertia M
includes all the parts that rotate with the disk (pendulum bob, axle, bearings). The damping D is
provided in part by the friction in the system but also by the field of an electromagnet that
induces eddy currents in the disk which react, in turn, on the field. The applied torque T a is provided by a disk of spinning permanent magnets that also induce eddy currents that interact with
the field of the magnets producing the currents.
By setting a low rate of rotation of the motor turning the disk containing the permanent
magnets, the pendulum mass is moved to an angle φ off the vertical; this corresponds to an
equal amount of phase difference across the junctions. When φ exceeds 90° , the restoring
torque decreases and the pendulum disk goes into rotation. This transition corresponds to that
shown in Fig. 4.10c by the broken line. A steady average rate of rotation dφ ⁄ dt is reached and
this average corresponds to the average voltage where the broken line joins the solid line in Fig.
4.10c. Since the disk carries an eccentric mass m , the rate of rotation is not uniform; rather it
increases where the gravitational torque is aiding the applied torque and decreases where gravity
opposes the applied torque. Likewise, the instantaneous voltage differs from the average voltage
in the actual junction. Subsequent increase of the applied torque increases the average angular
velocity. Upon decreasing the applied torque, a different torque-velocity locus is traced out. The
inertia of the disk (and associated elements) keeps it rotating for applied torques lower than that
required to initiate rotation, which is mgl . An experimental torque vs. average velocity relation
for an analog of the type discussed here is shown in Fig. 4.11b. The analog equivalent of β c is
B c = mgl ( M ⁄ D 2 )

(4)

By taking the ratio T a ⁄ mgl at the point where the decreasing torque characteristic joins the
dφ ⁄ dt = 0 axis and applying the curve in Fig. 4.10d, we find that B c ≅ 6.5 for the example
in Fig. 4.11b.39 One can easily change B c by changing the current in the damping electromagnet.
This analog has been very fruitfully employed to study complex situations including the
coupling of a Josephson junction to a resonant cavity.
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Figure 4.11b Relation between the (normalized) torque and average rate of rotation obtained on
a driven-pendulum analog. (From D. B. Sullivan and J. E. Zimmerman, Am. J. Phys., Vol. 39, p.
1510, December 1971.)

“Washboard” Analog
The equation of motion for a ball rolling down a washboard-like hill as shown in Fig. 4.11c can
be cast into the form of (3) so a formal analogy can be established. The average slope of the hill
corresponds to the source current and the ripples on the hill are analogous to the current I c sin φ
through the ideal Josephson element. The mass of the ball corresponds to the capacitance and is
the energy-storage factor. The ball is assumed to be moving in a viscous fluid and the drag
thereby imposed corresponds to the conductance in an actual junction.
If the ball is initially at rest with the average slope of the washboard at zero (corresponding
to zero source current), and the slope is gradually increased, the ball will shift to a new position
39

D. B. Sullivan and J. E. Zimmerman, “Mechanical analogs of time dependent Josephson phenomena,” Am. J. Phys.,
Vol. 39, pp. 1504–1517, December 1971. (The value of β c found in this reference was based on measurements of
the parameters of the mechanical system.)
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Figure 4.11c Washboard analog of the Josephson junction.

within one ripple. When the average slope is increased sufficiently, the slope at every point on
the board will be negative and the ball will start rolling. This occurs at a slope corresponding to
the critical current.The ball will reach some average velocity which is the analog of the dc voltage. If the board is then lowered gradually past the slope where the ball started to roll, the ball
will not stop because its inertia will carry it over the places at each ripple where it must go
uphill. However, if the viscosity of the fluid is sufficient, the ball will stop when the average
slope is reduced to that at which rolling started. Thus different amounts of viscosity (corresponding to conductance) can lead to average slope vs. velocity relations with differing amounts of
hysteresis, as in the curves for the actual junction in Sec. 4.10. One advantage of this kind of
analog is that it facilitates consideration of the effect of different kinds of functional relationships between the Josephson current and the phase difference by imagining ripples of different
shapes.
We have given only a superficial treatment of analogs for small junctions and have not discussed analogs for large and coupled junctions. For an extended discussion of mechanical analogs, see Fulton.40
Problems
4.11a

A disc analog made as shown in this section exhibited oscillations of velocity about the
average value. These oscillations increased in amplitude as the average velocity decreased.
Discuss this phenomenon in terms of physical quantities in a junction.

4.11b

By deduction from imagining the behavior of the pendulum analog, superimpose on Fig.
4.11b the instantaneous values of angular velocity assuming slowly increasing applied
torque. Deduce the oscillation frequency of the Josephson junction at the corresponding
point in the I–V characteristic of the intersection of the light dashed line with the diagonal
heavy dashed line in Fig. 4.11b, assuming I c R n = 1 mV . Under what realistic conditions

40

T. A. Fulton, “Equivalent circuits and analogs of the Josephson effect,” in Superconductor Applications: SQUIDs
and Machines (B. B. Schwartz and S. Foner, Eds.). New York: Plenum Press, 1977.
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would you be able to see these oscillations on an oscilloscope when testing the junction?
4.11c

The potential energy in the washboard analog for the situation analogous to I = 0 in the
Josephson junction is u ( φ ) = K ( 1 – cos φ ) , where the variable φ is distance along the
lower extremities of the washboard ripples. Take the mass of a rolling ball to be m and the
viscous force to be ηv , where v is the instantaneous velocity. Assume the ball oscillates
in an energy minimum over a small range of φ after being initially offset from φ = 0 .
Find expressions for the frequency of oscillation and the 1/e time of the damping in terms
of the analog parameters. These oscillations correspond to the plasma oscillations in Prob.
4.10d.

4.12 RF Effects in Josephson Junctions
The intent of this section is to show the effect of driving a Josephson junction simultaneously by
both dc and ac sources, which is the usual situation in detection applications. Typically, the junction is connected to a dc bias source through an impedance and the RF signal is impressed on the
junction by placing it in a microwave waveguide or cavity. For optimum matching to the microwave system, the source impedance must equal the conjugate of that of the junction. The analysis of the situation of matched impedance would be quite complex; instead, we look at two
limiting cases which give important insight into the RF operation of a junction. The first
employs dc and ac voltage sources (zero internal impedance) and the second uses dc and ac current sources (infinite internal impedance). The former permits analytic results which can be
qualitatively adjusted to explain important features of the I–V characteristic. Results with the
current-source model can only be obtained numerically but correspond more closely to experimental data.

Voltage-Source Model
Here we assume that both the dc and ac sources have zero internal impedance as shown in Fig.
4.12a. We use the shunt GC equivalent circuit (with constant G ) for the junction since it gives
good agreement in many cases. By combining Eqs. 4.09(1) and 4.09(2), the current through the
ideal Josephson element becomes

Figure 4.12a Equivalent circuit for a Josephson device connected to dc and ac voltage sources.
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Figure 4.12b I-V characteristic for the circuit of Fig. 4.12a. In the voltage-source model, spikes
in the dc current occur at voltages V = nhfs/2e. Measurements are usually made with sources that
do not have zero impedances; steps, rather than spikes, are observed (broken lines).

2eV ( t′ )
-----------------_ - dt′ + φ 0
h
0

∫

i J ( t ) = I c sin

t

(1)

Taking the voltage to be V + V S cos ω S t , the current (1) becomes
_
_
i J ( t ) = I c sin [ ( 2eV ⁄ h )t + ( 2eV S ⁄ h ω S ) sin ω S t + φ 0 ]

(2)

where φ 0 is a constant of integration. Using standard trigonometric identities and the Bessel
function relations,41
∞

cos ( X sin θ ) =

∑ J ( X ) cos nθ
n

(3)

n = –∞
∞

sin ( X sin θ ) =

∑ J ( X ) sin nθ
n

(4)

n = –∞

where J n is an nth order Bessel function of the first kind, the current (2) can be put in the form
∞

iJ ( t ) = I c

_ - sin [ ( ω
∑ ( –1 ) J  -----------hω
n

n = –∞

2eV S

n

J

– nω S )t + φ 0 ]

(5)

S

_
where ω J = 2eV ⁄ h , the Josephson oscillation frequency. From this result we see that at values
41

M. Abramowitz and I. A. Stegun (Eds.), Handbook of Mathematical Functions. Washington, DC: National Bureau
of Standards, U.S. Government Printing Office, 1964, p. 361.
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Figure 4.12c Dependences of the spike heights in Fig. 4.12b on the amplitude of the ac source
voltage for the first three spikes. Dependences are Bessel function magnitudes; only positive values are allowed because the source has a fixed polarity, so the sign of φ 0 adjusts accordingly.

of average voltage V such that ω J = nω S or
_
nhω S
V = ------------2e

(6)

_
there are current spikes in the I–V characteristic that have maximum heights I c J n ( 2eV S ⁄ hω S ) ,
where the phase φ 0 = π ⁄ 2 . For each value of dc voltage there is also a dc current through the
conductance I G = GV . The sum of the dc currents is then as shown in Fig. 4.12b by the solid
lines. The dependences of the various spike heights on the ac voltage amplitude are shown on
Fig. 4.12c.
Actual measurements do not reveal these spikes in the I–V characteristics, because the
junctions usually have resistances low enough that the sources act more like current sources. As
a result, increasing the dc current source from zero raises the operating point along a step-like
locus somewhat as shown by the arrows in Fig. 4.12b. With this qualitative modification of the
voltage-source model, we find reasonable corroboration by experimental data.

Figure 4.12d An extensively used current-source model for low-capacitance Josephson devices.
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Current-Source Model
It has been found that the step structure suggested by Fig. 4.12b actually occurs in practice, but
the dependences of the various step heights on the ac signal amplitude are different from the
Bessel function dependences found for the voltage-source model. It is found that the currentsource model (Fig. 4.12d) is a better representation. Figure 4.12e shows a set of I–V characteristics calculated42 using the current-source model for a zero-capacitance junction where the signal
frequency ω S is 0.16ω c , with ω c given by Eq. 4.10(3). Experimental data for a point-contact
junction is shown for comparison and it is clear that the model gives quite accurate results. Figure 4.12f shows the theoretical and experimental values of the step heights at voltages for which
n = 0 , 1 in (6).
It should be pointed out here that the step-height measurement is a fairly sensitive test for
the Josephson effect. For example, measurements on constricted thin films [Fig. 4.08a(iii)] give
results that agree reasonably well with the theory only for constrictions with very small lengths
and widths. For constrictions of larger cross section, the connection is too strong and Josephson
effects do not appear.

Figure 4.12e I–V characteristics for a point-contact junction with 35 GHz applied RF power. Solid lines show experimental results. Broken lines give results of calculations without noise. With 100
K thermal noise assumed in the calculations, a very close fit to the experimental results is
achieved. (Data from Y. Taur et al., footnote 42.)
42

Y. Taur, P. L. Richards, and F. Auracher, “Application of the shunted junction model to point-contact Josephson
junctions,” in Low Temperature Physics—LT-13 (K. D. Timmerhaus, W. J. O’Sullivan, and E. F. Hammel, Eds.),
Vol. 3. New York: Plenum Press, 1974, pp. 276–280.
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Figure 4.12f Experimentally determined dependences of the zeroth and first steps for the data
in Fig. 4.12e in comparison with theoretical calculations made with the current-source model.
[From Y. Taur, P. L. Richards, F. Auracher, in Low Temperature Physics—LT-13 (K. D. Timmerhaus, W. J. O’Sullivan, and E. F. Hammel, Eds.), Vol. 3. New York: Plenum Press, 1974, p. 278.]

RF Junction Impedance (Current-Source Model)
We will show a result of numerical calculations that have been made of the RF impedance of a
zero-shunt-capacitance junction driven by an ideal current source. But first let us consider some
situations with simple results. For vanishingly small signal amplitudes,43 the junction impedance for zero-dc-voltage operation can be expressed analytically. One starts with the assumption
of a constant value of incremental inductance L Ji at a fixed bias point so that V = L Ji dI ⁄ dt .
Finding dφ ⁄ dt from Eq. 4.09(1) as dφ ⁄ d t = ( I c cos φ ) –1 di ⁄ dt and substituting Eq. 4.09(2),
we can identify an equivalent nonlinear small-signal incremental inductance:
L Ji = L 1 ⁄ cos φ 0

(7)

L 1 = Φ 0 ⁄ 2πI c

(8)

where

and φ 0 is the phase angle imposed by the dc current. The equivalent circuit is just this inductance in parallel with the shunt conductance G .
In some situations, it is appropriate to use the total equivalent inductance L Jt of the junction rather than the small-signal value. In this case the voltage is set equal to the time derivative
43

This gives agreement to within a few percent with numerically calculated results for signal amplitudes such that
IS <
~ 0.2I c .
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Figure 4.12g Dependence of impedance components at the signal frequency on the dc current.
Impedance components are normalized to the value of the resistor in the equivalent circuit and current is normalized to the maximum zero-voltage current in the absence of applied RF current I c0 .
(From F. Auracher and T. Van Duzer, J. Appl. Phys., Vol. 44, p. 849, 1973.)

of the total flux in the equivalent inductance, V = d [ L Jt ( i )i ] ⁄ dt , where i is the instantaneous
current. Using Eqs. 4.09(1) and (2), the voltage can be expressed as
d Φ0
i
V = -----  ------ sin –1 ----
dt  2π
I c

(9)

sin –1 ( i ⁄ I c )
L = L 1 --------------------------i ⁄ Ic

(10)

so that

The total inductance L Jt varies from L 1 at i = 0 to ( π ⁄ 2 )L 1 at i = ± I c . This is in contrast to
the singularity in the small-signal inductance (7) when the bias I = I c . Finally note that a typical value of L 1 is 3.3 pH at I c = 100 µA .
For larger signals and higher frequencies, the dependences of the impedance of a junction
driven by a current source becomes quite complicated. The calculation of its impedance requires
a numerical solution of the nonlinear equation for the junction voltage with subsequent Fourier
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analysis to pick out the voltage component at the signal frequency.44 A typical form of the variation of this impedance with dc current bias is shown in Fig. 4.12g. The real and imaginary parts
are plotted separately and are normalized to the shunt resistance. The abscissa is normalized to
the value of critical current I co that exists in the absence of an RF signal. It is characteristic that
the imaginary component is zero between current steps. Notice also here that the RF resistance
is negative at the bottom of the dc current step; this allows the junction to supply power to a circuit (such as a microwave cavity) coupled to it. The variation of impedance with current depends
strongly on the frequency and amplitude of the signal.
Problems
4.12a

Show that (5) follows from (2) using (3) and (4).

4.12b

The voltage across a junction with a shunt resistance R connected to an ideal dc current
source I can be written as v ( t ) = R ( I – I c sin φ ) . Show that for I > I c this leads to
I 2
RI 1 –  ----c
I
v ( t ) = ----------------------------------------------------I
1 +  ----c sin ( ω 0 t + φ 0 )
I

_

where ω 0 = 2eV ⁄ h and V = R ( I 2 – I c2 ) 1 / 2 .
4.12c

From v ( t ) given in Prob. 4.12b, find the current through the Josephson element,
i J ( t ) = I c sin φ . Plot the result as a function of time for R = 0.5 Ω , V = 0.1 mV , and
I c = 1.0 mA . Take φ 0 = 0 .

4.12d

Show that the average value of i J ( t ) in Prob. 4.12c is
〈 i J ( t )〉 = [ I c2 + ( V ⁄ R ) 2 ] 1 / 2 – V ⁄ R
Show an appropriate I–V characteristic and display the role of 〈 i J ( t )〉 .

4.12e

Show that v ( t ) in Prob. 4.12b can be expanded in a Fourier series (making an adjustment
of the phase φ 0 ) of the form

v(t ) = V 1 +



∞

∑
m=1


a m cos mω 0 t



with
I
I 2
a m = 2  ---- –  ---- – 1
 I c
Ic

1/2

m





V and ω 0 are as defined in Prob. 4.12b.
44

F. Auracher and T. Van Duzer, “rf Impedance of superconducting weak links,” J. Appl. Phys., Vol. 44, pp. 848–851,
February 1973. For an analytical approach to the impedance of a Josephson junction for small signals, see C. V.
Stancampiano, “Microwave theory of Josephson oscillators,” IEEE Trans. Electron Devices, Vol. ED-27, pp. 1934–
1944, October 1980.
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4.13 Fluctuations (Noise) in Josephson Junctions
Fluctuations of the current and voltage in a Josephson junction are of importance to applications
in a variety of ways. The ac current that results when a voltage exists across a junction has a
rather broad spectrum mainly because of the fluctuations of the (frequency-determining) voltage. Also, thermal fluctuations lead to a rounding of the I–V characteristic and therefore to a
reduction of the dynamic resistance R D = dV ⁄ dI , which will be seen in Sec. 5.02 to play a
prominent role in the properties of Josephson detectors and mixers. The fluctuations also enter
directly into applications such as mixing and detection and sensitive measurements where there
is a competition between noise and the desired signal. Neither all types of Josephson junctions
nor all operating situations have been analyzed, and some of the predicted results have not yet
been confirmed experimentally, so the theory must be used in a patchwork manner.

AC Current Fluctuations
The most extensively developed theory is that for tunnel junctions. A detailed work on this subject has been published by Rogovin and Scalapino.45 They have given expressions for the power
spectra of current fluctuations [ P ( ω ) = 〈 i ( ω ) 2〉 ] for the quasiparticle current, the pair current,
and the interference pair-quasiparticle current. We give the results here only for those operating
conditions that are important in applications and where appreciable simplification is achieved.
The magnitude of the interference term is small enough to justify its neglect. The components of
_
_
the noise currents with frequencies such that ω « eV ⁄ h and ω « k B T ⁄ h , where V is the dc
voltage bias, can be expressed as
e
eV
eV
〈 i 2 ( ω )〉 = --- I qp ( V ) coth  ------------- + 2I p ( V ) coth  ---------
 2k B T 
 kBT
π

(1)

where qp and p subscripts denote quasiparticle and pair currents. Thus, in this low-frequency
limit, the currents are of shot-noise form. The factor coth ( eV ⁄ k B T ) enters because the currents
involved flow in two directions. Note that k B T ⁄ e = 0.36 mV where T = 4.2 K , so for bias
voltages greater than about 1 mV, the coth terms are almost unity and (1) takes on the usual shotnoise form with pairs having a charge of 2e .
On the other hand, when the voltage is low enough that eV « k B T , (1) becomes
1 4k B T
〈 i 2 ( ω )〉 ≅  ------ ------------ 2π R T

(2)

so, in this limit, the result is the same as Johnson noise46 across the dc junction resistance
R T = V ⁄ ( I p + I qp ) .
45

D. Rogovin and D. J. Scalapino, “Fluctuation phenomena in tunnel junctions,” Ann. Phys., Vol. 86, pp. 1–90, July
1974.
46 M. Schwartz, Information Transmission, Modulation and Noise, 2nd Edition. New York: McGraw-Hill, 1970.
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The only kind of Josephson junction other than the tunneling device for which any noise
theory exists is the metallic connection with dimensions less than the coherence length. It is
assumed that the only source of fluctuations is the normal resistance R n of the weak connection,
and the power spectrum of the current is found to be47
_
_
hω
〈 i 2 ( ω )〉 = --------- coth ( hω ⁄ 2k B T )
πR n

(3)

_

which, for low frequencies such that hω « k B T , is
1 4k B T
〈 i 2 ( ω )〉 ≅  ------ ------------ 2π R n

(4)

The difference between (2) and (4) lies in the fact that R T is the resistance at the operating point
and R n is the asymptotic resistance at voltages well beyond the gap voltage.
Essentially all direct measurements of the current or voltage fluctuations produced by
Josephson junctions have been made on point contacts. These structures are rather complicated
in that their physical configuration is not well defined. In some cases, there is evidence of an
energy gap and the Riedel singularity (see Sec. 4.02), so the coupling process is probably tunneling; in other cases, the coupling is probably by metallic contact. There may even be situations
where some electrons are transferred both by metallic contact and parallel tunneling. One set of
measurements48 showed good agreement with the bias-voltage dependence expected on the
basis of (1). In this work, voltage fluctuations were measured and use was made of the fact that
they are related to the current fluctuations by
〈 i 2 ( ω )〉 R D2
〈 v 2 ( ω )〉 = ------------------------( 1 + ω2τ2 )

(5)

where τ is the circuit time constant associated with the capacitance and normal resistance of the
junction. In mixing experiments,49 the observed noise for point contacts was more nearly the
lower, thermal value predicted on the basis of (3). The former probably corroborates the predictions of the tunneling theory and the latter suggests that point contacts can behave more like
metallic contacts in some circumstances.

Radiation Linewidth
With a junction biased to an average voltage V , one would expect an ac Josephson current having a frequency f 0 = 2eV ⁄ h . If, in addition to the applied bias, there are fluctuations of the
47

K. K. Likharev and V. K. Semenov, “Fluctuation spectrum in superconducting point contacts,” JETP Lett., Vol. 15,
pp. 442–445, 20 May 1972.
48 H. Kanter and F. L. Vernon, Jr., “Current noise in Josephson point contacts,” Phys. Rev. Lett., Vol. 25, pp. 588–590,
31 August 1970.
49 Y. Taur, J. H. Claassen, and P. L. Richards, “Josephson junctions as heterodyne detectors,” IEEE Trans. Microwave
Theory Tech., Vol. MTT-22, pp. 1005–1009, December 1974.
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Figure 4.13a Effect of thermal fluctuations on the I–V characteristics of a highly damped Josephson junction. The parameter γ is proportional to the ratio of the Josephson coupling energy to the
thermal energy. (From C. M. Falco, W. H. Parker, S. E. Trullinger, and P. K. Hansma, Phys. Rev.
B, Vol. 10, p. 1867, 1 September 1974.)

voltage, the frequency also fluctuates and the result is a broadened line of radiation. The voltage
fluctuations are reflected in changes of the frequency of the ac Josephson current through inte_
gration of ∂φ ⁄ ∂t = 2ev ( t ) ⁄ h . High-frequency fluctuations are therefore less effective in producing changes of frequency than are low-frequency components of the same amplitude. The
result is that the significant frequency-modulating voltages themselves have frequency compo_
nents in the range 0– ∆ω , where ∆ω « ω 0 and ω 0 = 2eV ⁄ h . Following through the analysis,50
one finds that the fluctuating ac Josephson current has a Lorentzian spectrum given by
2 
1 1
1
〈 i 2 ( ω )〉 = --- I c2  --- ∆ω ⁄ ( ω – ω 0 ) 2 +  --- ∆ω 
2 
2
2


The full width of the radiation line at the half-power points is
50

See Rogovin and Scalapino (footnote 45).

(6)
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Figure 4.13b Normalized dynamic resistance as a function of current with dependence on the
parameter γ , which is proportional to the ratio of the Josephson coupling energy to the thermal
energy. (From C. M. Falco, W. H. Parker, S. E. Trullinger, and P. K. Hansma, Phys. Rev. B, Vol.
10, p. 1967, 1 September 1974.)

eV
2e 2 2
eV
- R e I ( V ) coth ------------- + 2I p ( V ) coth --------∆ω =  ---- _h  D qp
kBT
2k B T

(7)

Effect on I–V Characteristics
Ambegaokar and Halperin51 have analyzed the effect of thermal fluctuations on the I–V characteristic of a highly damped Josephson junction where the McCumber parameter β c « 1 . They
used the model for the junction shown in Fig. 4.09a with a dc constant-current source and a parallel noise-current source. Consideration was restricted to the condition that eV « k B T so, as
was pointed out in connection with (2), the noise can be considered to be purely thermal. Here
the resistance is taken as the shunt R [which is somewhat different from that in (2) and more
51

V. Ambegaokar and B. I. Halperin, “Voltage due to thermal noise in the dc Josephson effect,” Phys. Rev. Lett., Vol.
22, pp. 1364–1366, 23 June 1969.
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nearly like that in (4)]. They used a parameter γ that is proportional to the ratio of the Josephson
_
coupling energy hI c ⁄ 2e (see Sec. 4.02) to the thermal energy k B T :
_
hI c
γ = -----------ek B T

(8)

As would be expected, the smaller the Josephson coupling compared with the thermal energy,
the more the I–V characteristics are affected. These are shown for various values of γ in Fig.
4.13a; the corresponding normalized dynamic resistances are shown in Fig. 4.13b. These curves
have been experimentally corroborated both for constricted thin films52 as in Fig. 4.08a(iii) and
for shunted β c « 1 tunnel junctions. In the former case, there was quantitative agreement except
for some small discrepancies; in the latter there was complete quantitative agreement. Falco et
al.53 also extended the Ambegaokar and Halperin analysis to include appreciable shunt capacitance so the McCumber parameter β c had values of 1 and 4, and obtained some measure of
experimental corroboration.
Problems
4.13a

Estimate the fluctuation-induced percentage reduction (from the T = 0 case) of the
dynamic resistance of a junction biased with a dc current to a point 10% above I c if the
junction is operated at T = 4.2 K , has a critical current 1 µA , and β c « 1 .

4.13b

Consider the use of a Josephson junction as a conveniently tunable RF signal source. Suppose the junction is to be operated at 4.2 K and that the dc voltage V ≅ I c R ≅ 2 mV .
For simplicity, take R D ≅ R , the quasiparticle currents to be I c , and the pair current to be
I c ⁄ 2 . Find R and I c necessary to have ∆ω ⁄ ω 0 = 0.01 . Evaluate the effect of this
amount of noise on the I–V characteristic and show the operating point on a sketch of the
I–V characteristic.

52

M. Simmonds and W. H. Parker, “Thermal fluctuations in superconducting weak links,” Phys. Rev. Lett., Vol. 24,
pp. 876–879, 20 April 1970.
53 C. M. Falco, W. H. Parker, S. E. Trullinger, and P. K. Hansma, “Effect of thermal noise on current-voltage characteristics of Josephson junctions,” Phys. Rev. B, Vol. 10, pp. 1865–1873, 1 September 1974.
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