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We present the design of a superconducting flux qubit with a large loop inductance. The large loop inductance is
desirable for coupling between qubits. The loop is configured into a gradiometer form that could reduce the interference
from environmental magnetic noise. A combined Josephson junction, i.e., a DC-SQUID is used to replace the small
Josephson junction in the usual 3-JJ (Josephaon junction) flux qubit, leading to a tunable energy gap by using an
independent external flux line. We perform numerical calculations to investigate the dependence of the energy gap
on qubit parameters such as junction capacitance, critical current, loop inductance, and the ratio of junction energy
between small and large junctions in the flux qubit. We suggest a range of values for the parameters.
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1. Introduction
Superconducting nano-circuits consisting of
Josephson junctions (JJs) are promising candidates
for qubits, the building block of quantum computers. According to the ratio of Josephson coupling
energy EJ = ~Ic /2e to charge energy EC = 2e2 /C,
the superconducting qubits may be divided into three
categories, i.e. charge qubits, ﬂux qubits, and phase
qubits.[1−8] There are advantages and disadvantages
for each type of the superconducting qubits. For example, the charge qubits are sensitive to the charge
ﬂuctuations of background while the phase qubits
may be more inﬂuenced by ﬂux noise. Great eﬀort
has been made to study the superconducting qubits
in the past decade and tremendous progress has been
achieved. One of the key challenges to the superconducting qubits (as well as to other solid state qubits)
is the relatively short decoherence time. So far, the
ﬂux qubit has shown the longest decoherence time
among all three types. For example, Bylander et al.[9]
have shown that a ﬂux qubit with decoherence time
goes up to 12 µs.
Almost all the ﬂux qubits studied are based on

the design proposed by Mooij and Orlando et al.[10,11]
In this design, the qubits consist of 3 JJs or 4 JJs with
small loop inductance.[12] An advantage of this design
is that the ﬂux noise which is proportional to the loop
size[13] can be minimized signiﬁcantly. So far, this
type of ﬂux qubit has achieved considerable progress
and, in particular, demonstrated a long quantum coherence time. However, there are several drawbacks
associated with the design. The major problem results
from the small loop size that brings much diﬃculty in
inter-qubit coupling and, hence, hinders the scalability. Therefore, in order to balance the coherence time
and inter-qubit coupling, it would be desirable to ﬁnd
a range of qubit loop sizes to compromise these two
conﬂict issues within the experimental tolerance.
Another problem is the barrier height that is proportional to the energy gap between the ground state
and the ﬁrst excited state and could not be adjusted
once the qubit has been fabricated in the original design of Mooij. This leads to inconvenience for choosing the circuitry parameters and limits the application of the ﬂux qubits in more advanced measurement
methods such as freeze state technique.[14] This problem has been addressed by replacing the small JJ in
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the ﬂux qubit with a combined JJ (CJJ), i.e. a DC
SQUID, of which the critical current (and, thus, the
barrier height) can be changed by the application of
local external ﬂuxes.[12]
Additionally, almost all of the ﬂux qubit samples studied in the literature are based on aluminium
Josephson junctions fabricated by using the shadow
evaporation technique. Although this fabrication process is simple and can obtain sub-micron small size
JJs easily, it cannot prepare complex circuits from a
long-term point of view. Today, the fabrication of
complex JJ circuits using the tri-layer technology[15] is
the standard approach in the ﬁeld of superconducting
electronics. Therefore, for scalable qubit circuits that
should consist of a large number of qubit cells, niobium
or aluminum JJs prepared using the tri-layer technology should also be considered. In general, the size of a
JJ made by using tri-layer technology cannot be very
small (the size is usually larger than 0.2 µm) as in
the case of junctions made by the shadow evaporation
method. As a result, the selections of qubit parameter could be quite diﬀerent for these two fabrication
methods. Considering the large loop inductance mentioned above, the potential of the ﬂux qubit becomes a
three-dimensional (3D) problem that is much diﬀerent
from 2D one. Thus, a detailed and systemic study of
the qubit parameters based on tri-layer technology is
of considerable importance. In this paper, we present
a systematic study of the qubit parameters of a ﬂux
qubit with large loop size and a relatively large junction size that can be realized using tri-layer fabrication
technology. We also replace the third small junction
of the 3-JJ ﬂux qubit design with a compound JJ as
indicated in Ref. [12]. In this way, the energy gap between the ground state and the ﬁrst excited state can
be well controlled by an independent ﬂux bias line.
By calculating the energy levels, we discuss the dependence of energy gap ∆ on the capacitance C, the
critical current Ic of junctions, the qubit loop inductance L, and the normalized critical current of CJJ
αI = 2ICJJ /(I01 + I02 ). The results are instructive for
designing this type of ﬂux qubit.

2. Qubit design and its Hamiltonian
A ﬂux qubit is usually made of a superconducting
loop interrupted by one or three JJs. Although both
designs function similarly, the latter is more popular than the ﬁrst one (rf-SQUID type). To the best

of our knowledge, no macroscopic quantum coherence
phenomenon had been demonstrated in a single JJ
ﬂux qubit up to now. Apart from the reason that the
large loop size leads it to be vulnerable to dephasing by
magnetic ﬂuctuations of the environment, a more important reason is that the separation between the two
potential double wells of one JJ model is much larger
than that of 3-JJ model. This diﬀerence means that
the barrier must be suﬃciently low so that the tunneling eﬀect between the two wells is of signiﬁcance,
thereby being able to observe the coherence between
qubit states. However, a very low barrier would also
mean that a phase particle can easily hop from one
well to another by thermal activation, resulting in dephasing. So the design of a one JJ model has been
hardly investigated and the 3-JJ model has become
more popular.
Φx bias

J1
J2
DCSQUID
CJJ
ΦCJJ bias

Fig. 1. Schematic diagram of a 4-JJ flux qubit. The
junctions, denoted by the thick cross, sit in the middle
arm of qubit. The fluxes through the qubit and the CJJ
are biased with Φx line and ΦCJJ line, respectively. An
asymmetric DC SQUID is used to readout the qubit signal. The four junctions in the qubit loop are designed to
have the same sizes. The parameter relations between the
CJJ and the middle arm junctions are αc = 2 for capacitance and αI = 0 ∼ 2 for critical currents depending on
the ΦCJJ bias.

The schematic diagram of the ﬂux qubit we considered is shown in Fig. 1. The superconducting loop
is designed in a gradiometer structure to reduce the
inﬂuence of environmental ﬂux noise. The four junctions with the same sizes are denoted by a thick
crossed line. Junction 1 (J1) and junction 2 (J2)
sit on the middle arm, and the other two constitutes
a DC SQUID conﬁguration. The critical current of
the CJJ, which determines the energy gap ∆, can be
modulated by an independent ﬂux bias line ΦCJJ . It
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is worthwhile to point out that when the junction
size is small, it is easier to make the 4 JJs into the
same size by using tri-layer technology. The detuning ε of the qubit is controlled by another independent ﬂux bias line Φx . The qubit energy diﬀerence
√
is then given by E01 = ∆2 (αI ) + ε2 (Φx )[16] where
αI = 2ICJJ /(I01 + I02 ), and I0i (i = 1, 2) are the critical currents of J1 and J2. The cross talk between Φx
and the CJJ as well as the cross talk between ΦCJJ and
the qubit loop can be neglected due to the symmetric
design. The qubit signal is readout by an asymmetric
DC SQUID. The loop inductance is about 100 pH–
200 pH, which is much larger than the typical value
(∼ 10 pH) of most designs reported in the literature.
The main feature of the 4-JJ design is that although the relative capacitance (or, junction area size)
parameter αc = 2CCJJ /(C1 +C2 ), which is determined
by the fabrication, cannot change, we can adjust the
CJJ critical current αI by varying ΦCJJ . While in the
case of 3-JJ we have αI = αc and cannot change αI
after fabrication. To obtain the maximal controllable
range of αI , also the reasonable qubit gap (see Section
3), one choice is to reduce the four junctions to the
smallest size allowed by the tri-layer fabrication technology. As a result, we have αc ≡ 2 and αI can change
from 0 to 2.
In order to calculate the energy levels of the qubit,
one needs to know the potential energy ﬁrst. The
method is similar to that by Robertson et al.[17] However in their discussion a 3-JJ ﬂux qubit was used,
therefore, the junction parameters were determined
completely by fabrication. In contrast, in the 4-JJ design discussed here we can change the critical current
and keep the capacitance ﬁxed. Because the critical
current determines the potential energy and the capacitance determines the kinetic energy the 4-JJ design provides additional ﬂexibility in measurements.
The potential energy consists of two parts that
represent the contributions of the Josephson junctions
and the superconducting loop, respectively. Naturally,
the potential energy can be expressed as a function of
the loop inductance and the phase diﬀerence cross the
JJs in the qubit. Thus,
U = Ul + UJ ,
2

(1)

Ul = LJ /2,
(2)
Φ0
[I01 (1 − cos γ1 )
UJ =
2π
+I02 (1 − cos γ2 ) + ICJJ (1 − cos γCJJ )]. (3)

However, by considering the ﬂux quantization, we
have
γ1 + γ2 + γCJJ = ϕx +

2πLJ
,
Φ0

ϕx = 2π

Φx
,
Φ0

(4)

Here J is the circulating current through the central
axis of the qubit, Φ0 = h/2e is the ﬂux quanta, h is
the Planck constant, I0i and γ i (i = 1, 2) are the critical currents of phase diﬀerences of J1 and J2, ICJJ
and γ CJJ are the eﬀective critical currents of phase
diﬀerences of the CJJs, and L is the geometrical inductance. We also have changed the applied ﬂux Φx
into a quantity of phase unit ϕx .
We then deﬁne a dimensionless inductance parameter β, and κ, due to the asymmetry between J1
and J2, as
(
)−1
2πL
1
1
1
+
+
and
Φ0
I01
I02
ICJJ
I01 − I02
κ=
.
I01 + I02
β=

(5)

In order to see the potential energy more clearly, we
introduce the total phase variables γ a , γ s , and γ t to
construct new coordinate axis along the zero inductive
energy plane as follows:[17]
γa = (γ1 − γ2 )/2,
(6)
1
γs =
[2αI (γCJJ − ϕx ) − γ1 − γ2 ], (7)
2(1 + 2αI )
γt = αI (ϕx − γ1 − γ2 − γCJJ )/(1 + 2αI ).
(8)
Then, Eqs. (2) and (3) can be rewritten as
(1 + 2αI )2 (1 − κ2 ) 2
γ ,
2αI β(1 + 2αI − κ2 ) t
UJ = −EJ [(1 + κ) cos(γa − γs − γt )
Ul = EJ

(9)

+ (1 − κ) cos(γa + γs + γt )
+ αI cos(2γs + ϕx − γt /αI )],

(10)

where EJ = (I01 + I02 )Φ0 /4π.
In Figs. 2(a) and 2(b) we show the potential energies from Eq. (1) in a 3D fashion for both large loop
inductance (β = 0.3) and very small loop inductance
(β = 0.001), respectively. We can see from Fig. 2(a)
that large loop inductance bends the potential wells
and increases the eﬀective tunneling path. In contrast,
for small inductance as shown in Fig. 2(b), the path
is conﬁned within the constant γt = 0 plane, so the
3D problem becomes a 2D one as if the qubit loop
inductance can be ignored.
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(ϕx = π), the ground state and the ﬁrst excited state
energy levels are anti-crossing and well separated from
other higher levels. The two qubit states are given by
|0⟩ = (| ↑⟩ + | ↓⟩)/2 and |1⟩ = (| ↑⟩ − | ↓⟩)/2, where | ↑⟩
and | ↓⟩ denote the clockwise and the counterclockwise
states.
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Fig. 2. (colour online) The 3D qubit potentials for
αI = 0.8, β = 0.3, ϕx = π; the tunneling path is bent
from the contribution of large loop inductance (a), and
for αI = 0.8, β = 0.001, ϕx = π, the tunneling path is
confined in γt = 0 plane (b), so the 3D potential reduces
to a 2D one.

The kinetic energy of the system is
[
]
Φ20
2
2
2
Tqubit =
C1 γ̇1 + C2 γ̇2 + CCJJ γ̇CJJ ,
8π 2

0.52

0.54

3. Qubit parameters based on the
tri-layer fabrication process

(11)

where Ci (i = 1, 2, CJJ) are the capacitances of J1,
J2, and CJJ. For simplicity, we have ignored the inﬂuence of stray capacitance.[17] In our case, because
all junctions are of the same size, we have C1 = C2 =
CCJJ /2 = C, and I01 = I02 = ICJJ /2 = Ic .
The Hamiltonian of this type of ﬂux qubit is,
H = P · M −1 · P /2 + U,

0.50
Φx/Φ0

Fig. 3. Energy levels of 4JJs flux qubit versus reduced
magnetic flux Φx /Φ0 . The diagram shows only nine levels, of which the two lowest levels used for the qubit. Parameters are chosen to be C = 7.2 fF, Ic = 0.32 µA,
L = 100 pH, and αI = 0.62.

0
γs

0.48

(12)

where the ﬁrst term is just Tqubit in Eq. (11).
To solve the eigenvalue problem of the qubit
Hamiltonian, we expand the wave function by the
product of plane-wave solutions and harmonic eigenfunctions, compute each of the matrix elements of
Hamiltonian and diagonalize this matrix.[17] The diagonal elements are just the eigenvalues. Figure 3 shows
the calculated results of the energy levels at typical
parameters that can be achieved in the tri-layer technology (Ic = 320 nA, C = 7.2 fF, L = 100 pH, and
αI = 0.62). We can see that at the degeneracy point

Several factors should be taken into account when
a ﬂux qubit is designed. Firstly, on the one hand, because the ﬂux noise is proportional to the qubit loop
size, the loop size should not be too large. On the
other hand, in order to have enough coupling strength
between one qubit and others, which is crucial for a
scalable quantum circuits, the loop size should not be
too small. Thus, the size about 50 µm–80 µm is chosen. The inductance is about 100 pH–200 pH as calculated by using the Fast–Henry program.[18] Secondly,
the energy gap ∆ between the ground and the ﬁrst
excited states must be considerably larger than the
thermal noise energy kB T , where T is noise temperature which is usually about 30 mK (∼ 0.6 GHz). Otherwise, the qubit cannot be initialized to the ground
state. Thirdly, the energy gap between the ﬁrst excited state and the higher excited state must be larger
than the energy gap to avoid multi-transitions in an
alternating current (AC) ﬁeld. Bearing these three
points in mind, we discuss the qubit parameters specially.
Capacitance Capacitance is, arguably, the most
important parameter for the design of this type of ﬂux
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qubit. Figure 4(a) shows the exponential decay dependence of energy gap ∆ on junction capacitance value,
which is scaled mainly with the junction area. A typical value of the geometrical capacitance for Nb/AlAlOx /Nb and Al/AlOx /Al JJ is about 45 fF/µm2 for
Jc < 1000 A/cm2 . Because of the complexity in the
tri-layer process, it is diﬃcult to make a junction size
of less than 0.2 µm as in the double-angle shadow
evaporation process. To achieve a large energy gap,
the size of the junction should be as small as possible.
For practical fabrication, we suggest that the junction
area size is in a range of 0.3 µm–0.5 µm that corresponds to the capacitance value in a range of 4.5 fF–
11 fF.
Loop inductance From Fig. 4(b) we ﬁnd that
the energy gap has a linear dependence on loop inductance and the drop varies slightly with loop inductance
increasing. Although the energy gap ∆ has a weak
dependence on loop inductance, the balance between
ﬂux noise and the coupling strength with other qubits
leads to a reasonable value that is between 100 pH to
200 pH.
Critical current The critical current density Jc
can be easily and accurately controlled from 40 A/cm2

to 2000 A/cm2 by the oxidation time and oxygen pressure. In Fig. 4(c), we plot the energy gap ∆ as a
function of the critical current of JJ. We ﬁnd that ∆
decreases with Ic increasing, which indicates that Ic
should not be too large to reduce the value of ∆. However, the large Ic value favours the detection of the ﬂux
qubit state by using a DC-SQUID. Furthermore, for
a ﬂux qubit, the ratio between Josephson energy and
charge energy EJ /EC is around 100, thus the value
of Ic cannot be too small. Within an acceptable region, we chose the critical current value to be about
200 nA–400 nA for the CJJ. This means that the Ic
of each junction of CJJ is about 100 nA–200 nA. Of
course, Ic can be adjusted by an external ﬂux provided
by ΦCJJ .
αI : compared with the above parameters, αI is a
free parameter because it can be tuned by magnetic
ﬂux through CJJ loop ΦCJJ . Figure 4(d) shows that
∆ decreases with αI increasing and has a weak linear
dependence on it when αI is smaller than 0.6. Besides,
one should keep in mind that αI < 1 must be fulﬁlled.
Otherwise, the intra-cell tunneling will be suppressed
by inter-cell tunneling from diﬀerent unit cells.[11]
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Fig. 4. Values of energy gap ∆ versus (a) capacitance, with other parameters being L = 100 pH, Ic = 0.32 µA,
and αI = 0.62, and the data fitted by exponential decay function; (b) loop inductance, with other parameters
being C = 7.2 fF, Ic = 0.32 µA, αI = 0.62, and the curve shows a linear dependence; (c) critical current of Ic
at C = 7.2 fF, L = 100 pH, αI = 0.62; and (d) αI , at C = 7.2 fF, L = 100 pH, Ic = 0.32 µA.
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Here, it should be emphasized that the available
parameter ranges of this type of qubit, especially the
capacitance, are not wide because of the small energy
gap. Considering characters of tri-layer technology, we
suggest the following parameters: junction area size
between 0.3 µm and 0.5 µm, corresponding capacitance between 4.5 fF and 11 fF, the loop inductance
between 100 pH and 200 pH, and critical current between 100 nA–200 nA for each junction.
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