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matteo.paris@unimi.it

(Received: July 18, 2006)
Abstract. Cloning of observables, unlike standard cloning of states, aims at copying the information encoded in the statistics of a class of observables rather then on quantum states themselves.
In such a process the emphasis is on the quantum operation (evolution plus measurement) necessary to retrieve the original information. We analyze, for qubit systems, the cloning of a class
generated by two noncommuting observables, elucidating the relationship between such a process
and joint measurements. This helps in establishing an optimality criterion for cloning of observables. We see that, even if the cloning machine is designed to act on the whole class generated
by two noncommuting observables, the same optimal performances of a joint measurement can
be attained. Finally, the connection with state dependent cloning is enlightened.

1.

Introduction

It is well known that, in general, the act of measuring a quantum system necessarily disturbs the system itself. A clear exempliﬁcation of this fact is given
by joint (or simultaneous) measurements, i.e. measurements in which one tries to
simultaneously acquire information about two noncommuting observables from a
single system. In this case, the possibility to sharply measure (i.e., to obtain measurement results not aﬀected by more noise than the one intrinsically present in
the system) one observable is forbidden if a sharp measure of the other one is performed. Nevertheless, information about both observables can be retrieved, paying
the price of an extra noise in the statistics of the measurement results. An optimal joint measurement is the one introducing the minimum extra noise compatible
with the laws of quantum mechanics. The ﬁrst investigation about this issue can
be traced back to the seminal paper by Arthurs and Kelly [1]. There, position and
momentum observables have been considered and the minimum extra noise was
found to be four times larger than the intrinsic noise related to the Heisenberg
uncertainty relation. Notice that two points are crucial in their analysis: i) the
equality between the jointly inferred mean values and the mean values obtained if
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the measurements were performed non simultaneously is imposed; ii) the dependence on an a priori knowledge of the initial ensemble is needed, in order to adjust
the relative sharpness of the two measurements. The usual implementation of an
Arthurs and Kelly measurement concerns the ﬁeld of quantum optics, in which
two incompatible quadratures of the ﬁeld are considered. Typically, a heterodyne
detection scheme (or equivalently a double homodyne detection) implements the
joint measurement, however also a diﬀerent strategy can be devised in the case of
ﬁelds described by a coherent state. One can in fact ﬁrst generate two (imperfect)
copies of the original state, via an optimal cloning process [2], and then measure
the two quadratures one for each clone. Both the strategies perform an optimal
joint measurement. This fact, together with quite general relationship between
cloning and measurement [3], might lead to think that optimal cloning can be associated to optimal joint measurements. However, this is not the case in general.
As an example, consider a qubit system and two Pauli observables, for which again
an optimal joint measurement involves an extra noise four times larger then the
intrinsic one [4, 5]. An experimental implementation of such a joint measurement
is reported in [6], using an entangled two-photon state as information carrier from
the very beginning. Then, it is easy to demonstrate that optimal universal cloning
for qubits [7] does not allow to perform an optimal joint measurement of the two
Pauli observables (see below). This is due to the fact that cloning machines are in
general designed to optimize the ﬁdelity between input and output states, not to
optimize the joint measurement of a speciﬁc couple of noncommuting observables.
It is the latter viewpoint that we will adopt instead in this work. More precisely,
we will actually consider a further step, which can be understood in the spirit
of state dependent cloning [8]. Recall that the latter cloning strategy, unlike the
universal case, is speciﬁcally designed to act only on a particular class out of the
whole Hilbert space of the system (e.g., equatorial qubits). Following an analogous
strategy, we will design our process (from now on called cloning of observables) in
order to clone and possibly jointly measure neither all possible observables nor two
observables only, but rather the class generated by any linear combination of the
two observables. More in detail, a cloning machine for the given set of observables
is a device in which a signal qubit interacts with a probe qubit via a given unitary
with the aim of reproducing the statistics of any observable on both the qubits at
the output, independently of the signal qubit. The optimality of our cloner will
be assessed by investigating the optimality of the joint measurement (of the two
observables generating the class), but the additional requirement of cloning the
whole class of observables poses a clear distinction between a joint measurement
and a cloning of observables. Furthermore, unlike a joint measurement, our protocol is not focused only on the measurement process, which can actually be not
performed. Indeed, our approach is motivated, besides by the exploitation of a
new aspect of the fundamental issue of quantum cloning, also in view of quantum
communication purposes, in a repeater-like conﬁguration. More speciﬁcally, one
can address the transmission of information encoded, in the statistics of a set of
observables, rather than in a set of states, independently of the quantum state at
the input. In the following we will consider a set of observables generated by two
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Pauli operators, whereas for more general classes of observables we refer to [9].
The paper is organized as follows. In Sect. 2 we describe the general concept of
cloning machine for observables, introducing some basic properties. We point out
in Sect. 3 the impossibility of designing a perfect cloning machine for a class of two
noncommuting observables, analogously to the impossibility of perfectly cloning
two nonorthogonal states. Then, an approximate cloning machine for this case
is introduced. In Sect. 4 we assess the optimality of such a cloning machine and
compare it to a joint measurement process. We will see that, even if the cloning
machine is designed to act on the whole class generated by two noncommuting
observables, the same performances of a joint measurement can be attained, when
one restricts the attention to the only two observables generating the class. Sect. 5
closes the paper with some remarks.
2.

Cloning of Observables

We consider a device in which a signal qubit (say, qubit “1”) is prepared in the
(unknown) state  and then interacts, via a given unitary U , with a probe qubit
(“2”) prepared in the known state p . For a given class of qubit observables
X ≡ {X(j)}j∈J , where J is a subset of the real axis and X(j) ∈ L[C2 ], we
introduce the concept of cloning as follows [9]. A cloning machine for the class of
observables X is a triple (U, p , X) such that
X1 = X ,

X2 = X ,

∀

∀X∈X,

(1)

where X ≡ Tr1 [X] is the mean value of the observable X at the input and
X1 ≡ Tr12 [R X ⊗ I] ,

X2 ≡ Tr12 [R I ⊗ X]

(2)

are the mean values of the same observable on the two output qubits (see Fig. 1).
The density matrix R = U  ⊗ p U † describes the (generally entangled) state of
the two qubits after the interaction, whereas I denotes the identity operator.
The above deﬁnition identiﬁes the cloning of an observable with the cloning of
its mean value. This is justiﬁed by the fact that for any single-qubit observable X
the cloning of the mean value is equivalent to the cloning of the whole statistics.
In fact, any X ∈ L[C2 ] has at most two distinct eigenvalues {λ0 , λ1 }, occurring
with probability p0 , p1 . For a degenerate eigenvalue the statement is trivial. For
two distinct eigenvalues we have X = λ1 p1 + λ0 p0 which, together with the normalization condition 1 = p0 + p1 , proves the statement. In other words, we say
that the class of observables X has been cloned if a measurement of any X ∈ X
on either the two qubits at the output gives the same statistics as it was measured
on the input signal qubit, independently on the initial qubit preparation.
A remark about this choice is in order. In fact, in view of the duality among
states and operators on a Hilbert space, one may argue that a proper ﬁgure of
merit to assess a cloning machine for observables would be a ﬁdelity-like one. This
is certainly true for the d-dimensional case, d > 2, while for qubit systems a proper
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Fig. 1: Schematic diagram of a cloning machine for observables (U, p , X): a signal
qubit prepared in the unknown state  interacts, via a given unitary U , with a
probe qubit prepared in the known state p . The class of observables X is cloned
if a measurement of any X ∈ X on either the two qubits at the output gives the
same statistics as it was measured on the input signal qubit, independently on the
initial qubit preparation .
assessment can be also made in term of mean-value duplication, which subsumes
all the information carried by the signal. Furthermore, in view of the possibility
to realize a joint measurement via a cloner of observables, we recall that (1) is a
standard requirement in such a scenario, as already recalled in Sect. 1.
Before beginning our analysis let us illustrate a basic property of cloning
machines, which follows from the deﬁnition, and which will be used throughout the paper. Given a cloning machine (U, p , X), then (V, p , Y) is a cloning
machine too, where V = (W † ⊗ W † ) U (W ⊗ I) and the class Y = W † XW
is formed by the observables Y (j) = W † X(j) W , j ∈ J . The transformation W may be a generic unitary. We will refer to this property as the unitary covariance of cloning machine. The proof proceeds as follows. By deﬁnition
Y(j) = Tr1 [ W † X(j)W ] = Tr1 [W  W † X(j)]. Then, since (U, p , X) is a cloning
machine, we have
Y(j) = Tr1,2 [U (W  W † ⊗ p ) U † (X(j) ⊗ I)]
= Tr1,2 [U (W ⊗ I)( ⊗ p )(W † ⊗ I) U † (W ⊗ W )(Y(j) ⊗ I)(W † ⊗ W † )]
= Tr1,2 [V ( ⊗ p ) V † (Y(j) ⊗ I)] = Y1 (j) .

(3)

The same argument holds for Y2 (j).1
Another result which will be used in the following is the parameterization of
a two-qubit transformation, which corresponds to a SU(4) matrix, obtained by
separating its local and entangling parts. A generic two-qubit gate SU(4) matrix
may be factorized as follows [10]:
U = L2 UE L1 = L2 exp

3
i 

2


θ j σj ⊗ σj L1 ,

(4)

j=1

1
Notice that a cloning machine of the form (V, p , Y ) with V = (W † ⊗ A† )U (W ⊗ I), where
A is an arbitrary unitary matrix also assures that Y(j) = Y1 (j). On the other hand, in order to
have Y(j) = Y2 (j) at the same time, the relation A = W should hold.
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where θj ∈ R and the σj ’s are the Pauli’s matrices. The local transformations L1
and L2 belongs to the SU(2) ⊗ SU(2) group, whereas UE accounts for the entangling
part of the transformation U . In our context, decomposition (4), together with
unitary covariance of cloning machines, allows to ignore the local transformations
L1 , which corresponds to a diﬀerent state preparation of signal and probe qubits at
the input. On the other hand, as we will see in the following, the degree of freedom
oﬀered by the local transformations L2 will be exploited to design suitable cloning
machines for noncommuting observables.
3.

Noncommuting Observables

In order to introduce cloning machines for a class of noncommuting observables
let us consider the speciﬁc class X nc = {x1 σ1 + x2 σ2 }x1 ,x2 ∈R . If a cloning machine
(U, p , X nc ) existed, then the mean values as well as the statistics of any observable
belonging to X nc would be cloned at its output. As a consequence, one would
jointly measure any two noncommuting observables belonging to X nc (e.g., σ1
on the output signal and σ2 on the output probe) without any added noise, thus
violating the bounds imposed by quantum mechanics [1, 4, 5]. Generalizing this
argument to any two-parameter class of noncommuting observables (i.e., to any
class X gnc = {c C + d D}c,d∈R , with C, D generic noncommuting observables),
we then conclude that a cloning machine for a generic two-parameter class of
noncommuting observables does not exist [9]. This results resembles the no–cloning
theorem for states, and it can actually be seen as its counterpart for cloning of
observables. Furthermore, it permits a comparison among cloning machines for
observables and for states. Let us write the generic input signal as  = 12 (σ0 +
s · σ), where σ = (σ1 , σ2 , σ3 ), s = (s1 , s2 , s3 ) is the Bloch vector and σ0 is the
identity operator. The state–cloning counterpart of the statement above can then
be obtained by considering the class of observables X nc : If a cloning machine
(U, p , X nc ) existed, then the components s1 and s2 of Bloch vector s would be
cloned for any input signal. The same situation occurs in the case of a two–
parameter class generated by any pair of Pauli operators. In other words, it is
not possible to simultaneously copy a pair of components of the Bloch vector
of a generic state, even completely disregarding the third one [11, 12]. Let us
stress the fact that, even if a perfect cloning of observables could be performed
(for example, in the case of a class generated by commuting observables [9]),
correlations between the measurements would exist, otherwise state estimation
limits would be overcome.
Now, a question arises on whether, analogously to state-cloning, we may introduce the concept of approximate cloning machines, i.e. cloning of observables
involving added noise. Indeed this can be done and optimal approximate cloning
machines corresponding to minimum added noise may be found as well.
An approximate cloning machine for the class of observables X is deﬁned as
the triple (U, p , X)apx such that X1 = X/g1 and X2 = X/g2 , i.e.
Tr1 [ X] = g1 Tr12 [R X ⊗ I] = g2 Tr12 [R I ⊗ X] ,

(5)
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for any X ∈ X. The quantities gj , j = 1, 2 are independent on the input state and
are referred to as the noises added by the cloning process.
Let us begin by considering again the class X nc = {x1 σ1 + x2 σ2 }x1 ,x2 ∈R . By
using the decomposition of a generic SU(4) matrix in (4) one may attempt to
ﬁnd an approximate cloning machine considering only the action of the entangling
kernel UE . Unfortunately, it can be shown that no UE , g1 and g2 exist which realize
approximate cloning for p = |00|. A further single-qubit transformation
should
√
be introduced after UE . In particular, the unitary F = i/ 2(σ1 + σ2 ) ﬂips the
Pauli matrices σ1 and σ2 (i.e., F † σ1,2 F = σ2,1 ) and permits the realization of an
approximate cloning machine. Indeed, the unitary
T = (I ⊗ F )Unc ,

θ

Unc = ei 2 (σ1 ⊗σ1 −σ2 ⊗σ2 ) ,

realizes the approximate cloning machine (T, |00|, X nc )apx with added noises
g1 =

1
,
cos θ

g2 =

1
.
sin θ

(6)

In order to prove the cloning properties of T let us start from the unitary (I⊗F )UE ,
where UE is a generic entangling unitary of the form given in (4). Then, by
imposing approximate cloning for any X ∈ X nc , one obtains the following system
of equations:
g1 Tr2 [(I ⊗ p ) UE† (σ1 ⊗ I) UE ] = σ1 ,

(7a)

g1 Tr2 [(I ⊗

(σ2 ⊗ I) UE ] = σ2 ,

(7b)

(I ⊗ σ2 ) UE ] = σ1 ,

(7c)

(I ⊗ σ1 ) UE ] = σ2 .

(7d)

g2 Tr2 [(I ⊗
g2 Tr2 [(I ⊗

p ) UE†
p ) UE†
p ) UE†

System (7) admits the solution θ1 = −θ2 = θ/2, θ3 = 0 — i.e., UE ≡ Unc with θ
free parameter — with g1 = 1/ cos θ and g2 = 1/ sin θ. Notice that other solutions
for the θ1,2,3 ’s parameters may be found, which however give the same added noise
as the one considered above.
Remarkably, similar cloning machines may be obtained for any class of observables generated by a pair of operators unitarily equivalent to σ1 and σ2 . In
fact, given the two-parameter classes of noncommuting observables deﬁned as
X V = {c C + d D}c,d∈R , with C = V † σ1 V , D = V † σ2 V and V generic unitary one
has that an approximate cloning machine is given by the triple (UV , |00|, X V )apx ,
with UV = (V † ⊗ V † )(I ⊗ F ) Unc (V ⊗ I), with added noises g1 = 1/ cos θ and
g2 = 1/ sin θ. The statement easily follows from the fact that (T, |00|, X nc )apx is
a cloning machine and from unitary covariance. Similar results hold for any class
of observables unitarily generated by any pair of (noncommuting) Pauli operators.
4.

Optimality and Joint Measurements

Let us now consider if the approximate cloning machine for observables introduced above is optimal. In order to assess the quality and to deﬁne optimality of
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a triple (U, p , X)apx we consider it as a tool to perform a joint measurements of
noncommuting qubit observables [6]. For example, consider the cloning machine
(T, |00|, X nc )apx and suppose to measure σ1 and σ2 on the two qubits at the output. We emphasize again that the cloning machine (T, |00|, X nc )apx clones every
observable belonging to X nc , while we are now considering only the observables
σ1 and σ2 which, in a sense, generate the class. The diﬀerence with a joint measurement speciﬁcally designed to measure only a couple of observables is evident.
Indeed a priori it is not clear at all if a cloning for observables, being in this sense
far more general than a joint measurement, can reach the minimum disturbance
necessary to perform an optimal joint measurement. Nevertheless, this turns out
to be the case, as we will see in the following. We have that the measured expectation values of σ1 and σ2 at the output are given by σh m = gh σh  (with
h = 1, 2), where the σh ’s are the input mean values. It follows that the measured
uncertainties (ΔO = O2  − O 2 ) at the output are given by
Δm σh = gh2 Δi σh ,
where Δi σh denote the intrinsic uncertainties for the two quantities at the input.
Since for any Pauli operators we have σh2 = I one may rewrites
Δm σ1 = tan2 θ + Δi σ1 ,

Δm σ2 = cot2 θ + Δi σ2 .

(8)

As a consequence, the measured uncertainty product is given by:
Δm σ1 Δm σ2 = Δi σ1 Δi σ2 + cot2 θΔi σ1 + tan2 θΔi σ2 + 1 .
Since the arithmetic mean is bounded from below by the geometric mean we have

cot2 θΔiσ1 + tan2 θΔi σ2 ≥ 2 Δi σ1 Δi σ2 ,
with the equal sign iﬀ Δi σ1 = tan4 θΔi σ2 , then it follows that

2
Δ m σ1 Δ m σ2 ≥
Δ i σ1 Δ i σ2 + 1 .
If the initial signal is a minimum uncertainty state — i.e., Δi σ1 Δi σ2 = 1 — one
ﬁnally has that the measured uncertainty product is bounded by Δm σ1 Δm σ2 ≥ 4.
Notice that an optimal joint measurement corresponds to have Δm σ1 Δm σ2 = 4.
In our case this is realized when θ is chosen such that tan4 θ = Δi σ1 /Δi σ2 . As
already recalled in Sect. 1, such an a priori knowledge of the initial state is a
standard requirement of joint measurements. Therefore, since (T, |00|, X nc )apx
adds the minimum amount of noise in a joint measurement performed on minimum uncertainty states we conclude that it is an optimal approximate cloning
machine for the class under investigation. An optimal approximate cloning machine for the more general class X gnc may be also deﬁned, using the concept of
joint measurement for noncanonical observables [6].
Let us now consider the comparison with a joint measurement of σ1 and σ2
performed with the aid of an optimal universal cloning machine for states [7]. It
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is easy to show that the best result in this case is given by Δm σ1 Δm σ2 = 9/2,
indicating that cloning of observables is more eﬀective than cloning of states to
perform joint measurements (for the case of three observables see [13, 14]). In fact,
a symmetric cloning machine for states shrinks the whole Bloch vector s by a
factor 2/3, whereas a cloning machine
for observables shrinks the components
s1
√
√
and s2 of s only by a factor 1/ 2 (considering equal noise g1 = g2 = 2). Notice
that such a behaviour is diﬀerent from what happens in the case of continuous
variables, for which the optimal covariant cloning of coherent states also provides
the optimal joint measurements of two conjugated quadratures [2]. This is due to
the fact that coherent states are fully characterized by their complex amplitude,
that is by the expectation values of two operators only, whereas the state of a
qubit requires the knowledge of the three components of the Bloch vector.
As a ﬁnal remark we notice that if the requirement of universality is dropped,
then cloning machines for states can be found that realize optimal approximate
cloning of observables. For example, an approximate cloning machine for the twoparameter class X nc can be obtained by considering a phase-covariant cloning
for states [8]. In order to clarify this point, let us recall that a phase-covariant
cloning machine for states uses a probe in the |0 state and performs the following
transformation:
|0|0 → |0|0 ,
|1|0 → cos θ|1|0 + sin θ|0|1 ,

(9)

where, in general, θ ∈ [0, 2π]. If we now consider the X nc class it is straightforward to show that (5) are satisﬁed for any X ∈ X nc using the machine (9),
with the optimal added noises given by (6). This can be intuitively understood
by considering that a phase covariant cloning machine extracts the optimal information about states lying on the equatorial plane of the Bloch sphere, which in
turn include the eigenstates of σ1 and σ2 . Nevertheless, notice that there exist
optimal approximate cloning machines for observables which do not coincide with
phase–covariant cloning for states. As an example, considering a cloning machine
with added noise g1 = −1/ cos θ and g2 = −1/ sin θ one would still obtain optimal
cloning of observables, even if such a machine could not perform a phase covariant
cloning of states. This remark shows that, in general, one cannot simply transfer
the results for state cloning into the cloning of observables case.
5.

Conclusions

We have analyzed in details the cloning for classes of observables with focus on
classes generated by two noncommuting observables. We have elucidated the relationship between cloning of observables and joint measurements and shown that
even if the cloning machine is designed to act on the whole class generated by two
noncommuting observables, the same optimal performances of a joint measurement
can be attained.
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