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1.
Describe how the Rayleigh-Jeans formula
I(ν, T ) =

2ν 2
kT
c2

for a radiating black body was modified by Planck. Show that for small frequencies the
Planck and Rayleigh-Jeans formulae agree.
Describe the model of the hydrogen atom proposed by Bohr. The muon µ has the
same charge as an electron but a mass 207 times greater than the electron mass m. A
muon is captured by a proton and forms an atom of muonic hydrogen. Find the radius of
the first Bohr orbit of this atom.
Note: e = 1.602 × 10−19 coul., h = 6.63 × 10−34 J s, m = 9.109 × 10−31 kg, 0 = 8.85 ×
10−12 volt − metre/coul., c = 3 × 108 m s−1 .
2. Explain what is meant by an observable in quantum mechanics. Define the expectation
hAiψ of an observable A in a state ψ and explain briefly its physical significance. Show
also that hAiψ is always real.
A particle has Hamiltonian H and a wave function ψ(x, t) whose spatial dependence
is given by
1
ψ(x, 0) = √ (φ1 (x) + φ2 (x))
2
where φ1 (x) and φ2 (x) are normalised eigenstates of H with eigenvalues E1 and E2 respectively.
Find ψ(x, t) the wave function at time t and then show that the expectation of an
observable A in the state ψ(x, t) is given by
1
hAiψ =
2

Z

∞




Z

i(E1 −E2 )t/h̄
φ1 (x)Aφ1 (x) + φ2 (x)Aφ2 (x) dx+Re e

−∞

∞


φ1 (x)Aφ2 (x)dx

−∞

where Re denotes real part.
3. What is meant by the statement than an operator A self-adjoint? Show that selfadjoint operators have real eigenvalues.
A particle of mass m moves in one dimension subject to a real potential V (x). Show
that the momentum operator
d
p = −ih̄
dx
is self-adjoint. with respect to the inner product
Z ∞
ψ(x)φ(x) dx
hψ|φi =
∞

You should make appropriate assumptions about the fall off of ψ at ∞.
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Show further that the Hamiltonian
H=

p2
+V
2m

is self-adjoint.
Define the expectation hAiψ of an observable A in a state ψ. If H = p2 /(2m) is the
Hamiltonian for a free particle assume that
dA
i
= [H, A]
dt
h̄
for any observable and show that
d
hmxiψ = hpiψ
dt

4. Verify that the position and momentum operators x and p respectively satisfy the
commutation relation
[x, p] = ih̄ I
calculate
[xn , p]
where n is a positive integer.
The motion of a particle in one dimension is described by the Hamiltonian H whose
normalized eigenstates ψn (x), n = 0, 1, 2, . . ., satisfy the Schrodinger equation
Hψn (x) = En ψn (x)
with

Z
ψn (x)ψm (x) dx = δm,n
−∞∞

The particle is in a state represented by the wavefunction Ψ(x) where
n+1
∞ 
X
1
√
Ψ(x) =
ψn (x)
2
n=0
show that Ψ(x) is normalised to unity and calculate the probability that the particle has
energy En for some given n.

