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Class notes - MT tutorial 5
This week we are discussing operators and measurements. Together with what we
have learnt in previous weeks this completes, at least in its simplest form, the mathematical description of quantum mechanics.

1

Postulates of quantum mechanics

The mathematical framework of quantum mechanics can be summarised quite succinctly by 3 postulates. We have already encountered the first two which are
1. Associated to any isolated physical system is a complex vector space H (often
called a Hilbert space in reference to David Hilbert who worked out the details
of the continuum limit). The state of the system is then described completely by
a vector | ψi ∈ H of unit length hψ|ψi = 1. A slightly sharper definition might
say that the state is a ray in the Hilbert space since | ψi and eiφ | ψi differing by a
global phase are the same physical state.
2. The time-evolution of a closed isolated quantum system between any two times
t = t0 and t = t1 involves connecting two states as
| ψ(t = t0 )i −→ | ψ(t = t1 )i ,
and is described by a unitary transformation U(t0 ,t1 ) so | ψ(t1 )i = U(t0 ,t1 ) | ψ(t0 )i.
For a system with a time-independent Hamiltonian H its evolution is governed
by the time-dependent Schrodinger equation
ih̄

∂
| ψ(t)i = H | ψ(t)i ,
∂t

which has a formal solution | ψ(t)i = e−iHt/h̄ | ψ(t = 0)i so the time-evolution
unitary connecting the state of the system at times t = t0 and t = t1 can be readily
identified as U(t0 ,t1 ) = e−iH(t1 −t0 )/h̄ .

2

The simplest example - a qubit

The simplest possible quantum system possesses a two-dimensional Hilbert space Hq =
C2 . This case is highly relevant since it may describe the intrinsic spin degree of freedom associated to a spin- 21 particle like an electron (more on this next term), or a
two-path optical interferometer like in our first tutorial, or more abstractly a quantum
bit (qubit) in a quantum computer. Despite its limited dimensionality quite a bit of
basic quantum phenomena is contained in a qubit.
Let us take two states, denoted as | ↑i and | ↓i, as a complete basis to Hq . We
know that any state of this system can be expressed in this basis as | ψi = α | ↑i + β | ↓i,
where α and β are complex numbers. At face value this suggests that our system is
described by four real numbers, but in fact as postulate 1 describes |α|2 + |β|2 = 1 and
the arbitrary global phase make two of these redundant. Instead we can parameterise
any state as

| ψi = eiγ cos( 21 θ) | ↑i + eiφ sin( 12 θ) | ↓i
(1)
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where 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π and 0 ≤ γ ≤ 2π. For any values of these parameters the
state is properly normalised and moreover we can discard γ by simply setting it to zero
for convenience. Thus any state of a qubit is described by only two angles which are
geometrically equivalent to the spherical polar-coordinates of a point on the surface of
a unit-sphere in R3 .

This is called a Bloch sphere. Notice that the states at the poles of this sphere along the
x, y, and z axes are the ±1 eigenstates of the σx , σy , σz Pauli matrices, which you can
recall are the 2 × 2 complex matrices






0 1
0 −i
1 0
σx =
, σy =
, and σz =
,
1 0
i 0
0 −1


where we have used the conventional choice of | ↑i = 10 and | ↓i = 01 as the eigenstates of σz . The Pauli matrices appear in many places in quantum mechanics so it is
good to remember them and that they are traceless so tr(σ j ) = 0, hermitian so σ j = σ†j ,
and unitary which implies that σ2j = 1, with j = {x, y, z}.
Having outlined the Hilbert space of a qubit let us now consider its dynamics. Suppose our qubit is a spin- 21 particle in a magnetic field orientated along the x-axis. The
spin degree of freedom of a particle is an intrinsic magnetic moment so the Hamiltonian describing this has the form H = h̄ωσx , where h̄ω quantifies the energy of this
√
coupling. The eigenstates of H are simply those of σx equal to | ±i = (| ↑i ± | ↓i)/ 2
with a corresponding energy ±h̄ω.

We may thus write the Hamiltonian in its diagonal form as
H = h̄ω | +i h+ | − h̄ω | −i h− | .
2
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So what does time-evolution of a qubit look like with this Hamiltonian? To be more
concrete suppose at time t = 0 our system is orientated upwards in the z-axis as | ψ(0)i =
| ↑i, what happens to the state as a function of time? Firstly we construct the timeevolution unitary for this system which, because it is a qubit, is quite straightforward
as
U(t) = e−iHt/h̄ = e−iωσx t = cos(ωt)1 − i sin(ωt)σx ,
where I have used σ2x = 1 to simplify the operator exponential. If we evolved the system
for a time τ = π/2ω then | ψ(τ)i = U(τ) | ↑i but since U(τ) = −iσx this gives | ψ(τ)i =
| ↓i up to a global phase, since σx flips the spin in the z-axis. Roughly speaking we
can think of unitaries as “rotations” in the complex vector space since they preserve
norms and scalar-products. However for the time-evolution of a qubit this is literally a
real-space geometrical rotation of points on the Bloch sphere. In this case we see that
our qubit state has been rotated by π around the x-axis after evolving for a time τ.

More generally time-evolution caused by this H causes a rotation of any state, not just
| ↑i, about the x-axis by an angle of 2ωt on the Bloch sphere. Evidently the states | ±i
remain unaltered by the evolution (up to a trivial global phase factor) since they are
stationary states.

3

Quantum measurements

We will now add a final postulate to our formulation which details how we describe
measurements of quantum systems
3. Given that an observable M is represented by an hermitian operator a (projective)
quantum measurement of M is defined by its eigen-decomposition
M = ∑ am Pm ,
m

where am is the mth (real) eigenvalue and Pm is a projector on to the set of
eigenstates sharing this eigenvalue am . The projector can be written as
d(m)

Pm = ∑ | m, ji hm, j | ,
j=1

where j indexes over the degeneracy d(m) of the mth eigenvalue am , so Pm
projects on to a d(m)-dimensional subspace (eigenspace). The possible outcomes of a measurement of M are its eigenvalues am . Given an initial state
3
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| ψi the probability of measuring M and obtaining an outcome am is
Pm = hψ| Pm |ψi .
Having obtained the result am the state of the system immediately after the measurement is
Pm | ψi
.
ψ0m = √
Pm
This formalism might be visualised by the following picture

in which we envisage the quantum system in an input state coming in one end, some
macroscopic “classical” dial indicating the measurement outcome for some observable
M, and then the output state of the quantum system emerging from the other end. Notice that from this definition the probability Pm is simply the expectation value of the
projector Pm , and similarly the state after the measurement1 is obtained by apply this
projector to the initial state and subsequently renormalising the resulting state√(note
that Pm is hermitian and idempotent P2m = Pm giving hψ| Pm Pm |ψi = Pm so Pm is
precisely the norm of the projected state). For this reason this kind of measurement is
called a projective measurement. It is the application of a projector which mathematically implements the “collapse” of a wavefunction since it kills off all the components
of the state outside of the eigenspace it projects on to.
For projective measurements the final state after of a measurement of M is always
an eigenstate of M corresponding to the measured outcome. As we have seen before
the presence of degeneracies can make this point a bit more subtle than is first apparent.
Suppose we had an initial state expanded in the basis {| m, ji} of M as
1
| ψi = √ (| 1, 1i + 2 | 1, 2i + | 1, 3i + | 5, 2i + 3 | 5, 4i + 2 | 6, 1i) .
20
Where we to measure M we would obtain an outcome m = 1 with a probability

P1

z
}|
{
3
P1 = hψ | (| 1, 1i h1, 1 | + | 1, 2i h1, 2 | + | 1, 3i h1, 3 |) | ψi = ,
10
and in this case obtain a final state which is an m = 1 eigenstate of M as
1
ψ01 = √ (| 1, 1i + 2 | 1, 2i + | 1, 3i) .
6
Notice that any superpositions between different degenerate eigenstates of M, labelled
here by the index j, are retained since the projector itself is a sum over these states. In
1 We

only apply this procedure for working out the final state for outcomes that can occur, i.e. Pm > 0.
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fact the extra label j is really just another observable, which we might denote as J, that
commutes with M and whose eigenvalue index j, together with m, specifies completely
and uniquely a basis of the Hilbert space as {| m, ji}. The eigenvalues am and a j for M
and J form a what is called a complete set of quantum numbers. While this might seem
like a burdensome over-complication at this juncture we shall frequently encounter this
situation next term in the context of angular momentum and its application to atomic
systems.
Since Pm is not unitary it indicates that postulate 2 does not seem to be a complete
description of quantum mechanical evolution. A projector is an irreversible operation
since it annihilates lots of information in the initial state (many initial states | ψi map to
the same final state | ψ0 i). Moreover the actual projector which gets applied is probabilistic. In contrast unitary time-evolution is reversible and deterministic. The need for
this third postulate is considered by many to be a major flaw in quantum mechanics.
After all the measuring device, and surrounding environment including us, are supposed to all be described by quantum mechanics, so in principle if we include enough
of the universe in our definition of the “system” then our evolution should be unitary.
The jury is still out as to whether postulate 3 is derivable from postulate 2. Evidently
the missing link is understanding how quantum mechanics works at the macroscopic
level, like that typified by the Schrodinger cat thought experiment.
Let’s check that the definitions given in postulate 3 makes sense with what we already know. Since we obtain outcomes from our measuring device am with probability
Pm the average value hMi obtained by measuring M many times on systems identically
prepared in the state | ψi is
hMi = ∑ am Pm = ∑ am hψ| Pm |ψi = hψ| ∑ am Pm |ψi = hψ| M |ψi ,
m

m

m

thus we recover the usual expression for the expectation value of M. To make things a
little more familiar we can consider the special case where M is non-degenerate with
M = ∑m am | mi hm | and so we can now identify a one-dimensional projector Pm =
| mi hm |. Now the probability of the mth outcome reduces to the square-modulus of its
probability amplitude as Pm = hψ|mi hm|ψi = | hm|ψi |2 . For any state | ψi = ∑m cm | mi
composed as a superposition of eigenstates | mi of M, which for this non-degenerate
case all have different eigenvalues am , the observable M will not have a definite value.

Indeed hMi may or may not actually coincide with a possible measurement outcome
am , but even if it happened that hMi = a0m , for some m0 , the state of the system would
not necessarily be inpthe eigenstate | m0 i. This is revealed by looking at the statistical
dispersion ∆(M) = hM 2 i − hMi2 which quantifies the spread of outcomes obtained
when measuring M on many identically prepared systems. Only for eigenstates | mi is
the measurement outcome certain to be am with ∆(M) = 0 and does M have a definite
value.
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Back to a qubit

We can apply this new postulate to our simple two-level quantum system. In this case
we want to measure σx which is equivalent to a Stern-Gerlach type measurement of
the x-axis spin-component of a spin- 12 particle. Writing σx = | +i h+ | − | −i h− | =
P+ − P− we can see the link to the general formalism for this non-degenerate operator example. What happens if we measure an arbitrary state | ψi as parameterised in
Eq. (1)? Applying the formalism in postulate 3 gives
P+

= hψ|+i h+|ψi ,
=
=

iφ
2
1
1
1
2 | cos( 2 θ) + e sin( 2 θ)| ,
1
2 [1 + sin(θ) cos(φ)] ,

along with
P−

= hψ|−i h−|ψi ,
=
=

iφ
2
1
1
1
2 | cos( 2 θ) − e sin( 2 θ)| ,
1
2 [1 − sin(θ) cos(φ)] ,

which reassuringly gives P+ + P− = 1. If we obtained + as the measurement outcome
then the final state is simply

P+ | ψi
1 [cos( 12 θ) + eiφ sin( 12 θ)] | +i
p
ψ0+ = √
= | +i ,
=√
P+
P↑
2
up to a global phase. That we get a definite state out from a measurement of a nondegenerate observable means that we can use projective measurements as a non-deterministic
procedure for preparing eigenstates of M by filtering out the outcome we desire.

5

Heisenberg’s uncertainty principle

Perhaps one of the most famous aspects of quantum mechanics here we shall derive it as
a consequence of the mathematical structure imposed by our description, namely complex linear vector spaces stated in postulate 1. Firstly, let’s consider two observables
represented by hermitian operators A and B. Given a state | ψi then we can compute
the expectation value hψ| AB |ψi = z which will in general be complex. The product of
operators AB can be written as AB = 21 [A, B] + 12 {A, B}, where {A, B} = AB + BA is the
anti-commutator. This means that
1
2

hψ| [A, B] |ψi + 12 hψ| {A, B} |ψi = hψ| AB |ψi ,

We then note that the expectation value of the commutator is purely imaginary
hψ| [A, B] |ψi = hψ| AB |ψi − hψ| BA |ψi = hψ| AB |ψi − hψ| AB |ψi∗ = 2iIm(z),
while the expectation value of the anti-commutator is purely real
hψ| {A, B} |ψi = hψ| AB |ψi + hψ| BA |ψi = hψ| AB |ψi + hψ| AB |ψi∗ = 2Re(z),
after using the basic property of our scalar-product hφ|ψi = hψ|φi∗ . This means that
| hψ| [A, B] |ψi |2 + | hψ| {A, B} |ψi |2 = 4| hψ| AB |ψi |2 .
|
{z
}
drop

6

S.R. Clark

Teaching notes

We now drop the anti-commutator term indicated and since it is ≥ 0 this acts only to
decrease the size of the lefthand side, leaving the inequality
| hψ| [A, B] |ψi |2 ≤ 4| hψ| AB |ψi |2 .

(3)

Notice that the inequality can achieve equality since for any given operators A and B
there exists some state | ψi where hψ| AB |ψi is entirely imaginary. To proceed further
we work on the righthand side of Eq. (3) by appealing to another basic property of
complex vector spaces called the Cauchy-Schwarz inequality. This states that for any
two vectors | ui and | vi we have that
| hu|vi |2 ≤ hu|ui hv|vi .
In Rn this follows quite trivially from the dot-product in the plane containing ~u and ~v
with an angle θ between them as
|~u ·~v| = ||~u|| ||~v|| | cos(θ)| ≤ ||~u|| ||~v||, ,
and so this theorem is merely established this geometric picture more generally to
complex vector spaces. From this we see that
| hψ| AB |ψi |2 ≤ hψ| A2 |ψi hψ| B2 |ψi ,
and by feeding this into Eq. (3) we get
| hψ| [A, B] |ψi |2 ≤ 4 hψ| A2 |ψi hψ| B2 |ψi .
We now define our observables A and B as having a zero mean with respect to | ψi
which implies that they must have the shifted form A = C − hψ|C |ψi 1 and B = D −
hψ| D |ψi 1 where C and D are two new observables. This is a subtle and somewhat
strange definition2 for an operator given that it depends on | ψi, but for any observables
C and D, and state | ψi, we can nonetheless always form the pair A and B. Since
we only shifted the operators we have that [A, B] = [C, D]. Using this we see that
hψ| A2 |ψi = ∆(C)2 and hψ| B2 |ψi = ∆(D)2 so
| hψ| [C, D] |ψi |2 ≤ 4∆(C)2 ∆(D)2 ,
thus the product of the statistical dispersions of two observables C and D for any quantum state | ψi obey the following inequality
∆(C)∆(D) ≥

|h[C, D]i|
.
2

(4)

which is Heisenberg’s uncertainty relation. We shall show shortly for some special
cases that this inequality is tight. A simple consequence of this result is that if two
observables have a non-zero commutator then it is not possible for ∆(C) and ∆(D) to
both be close to zero. Only when operators commute do states exist with zero statistical
dispersion simultaneously for those observables, i.e. they can be simultaneously well
defined.
2 If you don’t like this definition you can always define A = C − α1, where α is real, and carry it through
the calculation until the end. The final result will be independent of α and you are free to choose α = hCi.
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What does the uncertainty principle mean?

In Q5.7 on the QMMT problem sheet some of the ideas behind the uncertainty principle
are reviewed including some common misnomers. Let’s discuss a few of these here. In
particular the consider the following statement:
“By measuring C to some accuracy ∆(C) causes the value of D to be
disturbed by an amount at least as large as ∆(D) in such as way that the
Heisenberg uncertainty principle is satisfied.”
While it is true that measurements in quantum mechanics do disturb the measured system (we saw this above in the form of the projectors applied to get the final state), this
is emphatically not the content of Heisenberg’s uncertainty principle. To understand its
correct interpretation we need to consider an ensemble of N  1 identical systems all
in some arbitrary state | ψi. Now suppose we measure C on half this ensemble and D
on the other half. On the first subset we will obtain a spread of measurement outcomes
for C whose probabilities are given by | ψi and these will in general have a statistical
dispersion ∆(C). On the second subset we will similarly obtain a spread of outcomes
for D with a statistical dispersion ∆(D). Overall we might picture this setup as

The two standard deviations obtained, ∆(C) and ∆(D), when multiplied together rigorously satisfy the Heisenberg uncertainty principle in Eq. (4). Notice that in this
construction no single quantum system was ever measured twice, rather each system
was measured only once by C or D. Thus the picture of “disturbance” is misleading
since it seems to suggest that ∆(C) and ∆(D) are conceptually avoidable if we could
only devise cleverer experimental setups. It also describes a distinctly classical picture
where the observables C and D are presumed to have a well defined value and it is our
ability to access them simultaneously which is limited.
A classical example of Heisenberg’s uncertainty relation is for position and momentum where [x̂, p̂] = ih̄1. Inserting this into Eq. (4) gives the well known result
h̄
∆(x̂)∆( p̂) ≥ .
2
This relation is sometimes explained by physical arguments involving some specific
measurement setups. For instance by determining the position of a particle by scattering light off it with a wavelength λ. Better resolution in position is then found only by
8
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reducing λ and correspondingly increasing the photon energy and momentum causing
a bigger momentum recoil. Although such heuristic arguments are intuitive they do not
represent the central principle. The Heisenberg uncertainty principle does not depend
on a particular physical realisation of a measurement (indeed there is no mention of this
in Eq. (4)) nor on any subsequent disturbance. Our ensemble interpretation instead tells
us that it is about the basic structure of quantum states and observables. The commutator between two observables C and D indicates the trade off in finding quantum states
which have an intrinsic uncertainty ∆(C) and ∆(D). These uncertainties are therefore
nothing to do with us not knowing the answer, but rather they are a fundamental indeterminacy of the quantities C and D for the quantum state in question. Our ability to
predict the results of these two measurements is limited by Eq. (4) however we actually
come to obtain the information.

7

Gaussian wave-packets

We know that eigenstates of position are ultra-thin delta-function spikes in space while
those for momentum are entirely delocalised plane-waves. It is therefore instructive
to consider states in between which are not localised in position or momentum. An
obvious choose are Gaussian wave-packets whose wave-functions are given by


x2
1
hx|Gi = ψG (x) = √
exp
−
.
4
2σ2
πσ2
This gives a wave-function centred on x = 0 with a width characterised by σ as depicted
here

∞
Note that −∞
dx|ψG (x)|2 = 1 so it is properly normalised. Due to its symmetry we
have that hx̂i = 0 while hx̂2 i = 21 σ2 , thus ∆(x̂) = √σ2 gives a quantitative measure of
how localised around hx̂i = 0.
Now let’s
work out the wave-function of | Gi in momentum space by expanding
R∞
it as | Gi = −∞
d p | pi hp|Gi. The momentum wave-function is then ψ̃G (p) = hp|Gi
and can be worked out from the position space wave-function using the resolution of
identity as
Z
Z

R

∞

ψ̃G (p) =

∞

dx hp|xi hx|Gi =

−∞

−∞

dx hp|xi ψG (x).

Since position eigenstates | xi have momentum wave-functions
1
hp|xi = √
exp (−ikx) ,
2πh̄
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where p = h̄k, then
2
∞
1
1
− x
√
ψ̃G (p) = √
dx e−ikx e 2σ2 .
4
2πh̄ πσ2 | −∞
{z
}

Z

FT

The momentum space wave-function is found from the position space one by performing a Fourier transform. This can be worked out as
 2 2
r
k σ
σ
√ exp −
ψ̃G (p) =
,
2
h̄ π
which shows that the momentum space wave-function is also a Gaussian centred around
p = 0. Again the symmetry of the wave-function means that
h p̂i =

Z ∞
−∞

d pp|ψ̃G (p)|2 = 0,

2

h̄
h̄
√
while h p̂2 i = 2σ
2 . This means that ∆( p̂) = σ 2 and the spread of the wave-function
around h p̂i = 0 is inversely proportional to σ. This illustrates the expected trade-off
between forming a quantum state that is localised in position verses one localised in
momentum. However, we then observe that for Gaussian wave-packets

h̄
∆(x̂)∆( p̂) = ,
2
showing that they actually saturate the Heisenberg uncertainty principle and are the
minimum uncertainty wave-packets. Gaussian wave-packets will form an important
part of next weeks class on the harmonic oscillator.

8

The energy-time uncertainty relation

Around the same period when Heisenberg’s uncertainty relation was derived another
uncertainty relation was proposed for energy and time of the form
h̄
∆E∆t ≥ ,
2

(5)

which has a deceptively similar form to the position-momentum relation. From a signal
processing perspective the origin of these relations seems to be identical and based
simply on Fourier transforms. Indeed to build a wave-packet that is localised in position
x we require a superposition of many wave-vectors k, and similarly to build a wavepacket whose duration is short in time t many frequencies ω. Fourier transforms are
thus related by ∆x∆k ≥ 12 and ∆ω∆t ≥ 12 . We have already seen that for momentum and
position it was exactly this Fourier transform property which limited how well we can
construct a state with both these quantities well defined. What about energy and time?
This classical signal-processing perspective suggests that to determine with precision ∆ω the frequency of a pulse requires that you spectrally analyse it over a time
window (i.e. an envelope which truncates the wave-train) of size ∆t ≥ 2/∆ω. In this
context it makes perfect sense since you can only determine whether a pulse contains
extremely low frequency components by waiting long enough to see them oscillate.
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This intuition is not quantum mechanical however. The content of Eq. (5) has nothing
to do with how long you must measure for in an experiment to determine the energy to
some accuracy. Moreover Eq. (5) has a different and more indirect origin than all other
uncertainty relations.
A first indication that things are not straightforward is that in non-relativistic quantum mechanics time is a parameter and not an observable. There is no hermitian operator T representing time (an argument as to why this is the case will be given below) and
∆(T ) is not therefore the statistical dispersion of the results of some measurement process of time. Nevertheless, we do make measurement of time. We do this by building
clocks, which are systems whose dynamics causes their state to change in a predictable
way, e.g. like a pendulum. A measurement of time is then a measurement of the clock
from which we can infer the approximate present value of the parameter t. In our case
the clock is a quantum system whose evolution is given by a Hamiltonian H, which
is assumed to be time-independent, and the clock variable is some observable A. We
know from Ehrenfest’s theorem that the expected value of our clock will be governed
by
i
dhA(t)i
= h[H, A]i,
dt
h̄
but we also know that ∆(E)∆(A) ≥ 12 |h[H, A]i| from Eq. (4) since the Hamiltonian H is
the observable for energy, so
∆(E)∆(A) ≥

h̄ dhA(t)i
.
2
dt

Thus we then define an uncertainty in time indirectly based on our uncertainty of our
clock variable A and the rate at which it is changing as
∆t =

∆(A)
dhA(t)i
dt

,

(6)

thereby giving Eq. (5) via an indirect route. Roughly speaking one can think of ∆t
as characterising the amount of time required for the expectation value of the clock
variable hAi to change by one-standard deviation ∆(A). One might therefore interpret
it as the shortest timescale in which we will be able to notice changes in the state
| ψi, caused by the time-evolution, by monitoring the observable A. Strictly speaking
though Eq. (6) is actually an error-propagation relation between the uncertainty ∆t in
the inferred time given the uncertainty ∆(A) in the clock variable hAi used for the
inference. This relation is completely classical, for example if our reading of an analog
clock hand suffered from some angular uncertainty ∆θ, then an uncertainty in time ∆t
would follow from a similar equation. This shows that Eq. (5) is a different kind of
uncertainty relation in that ∆t is not directly quantum mechanical.
We might ask why is there no observable for time? Let’s suppose there was one.
For reasons which will become clear it would be an observable T which is canonically
conjugate to the Hamiltonian H, by which we mean that it has a commutation relation
11
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[H, T ] = ih̄. Using the standard uncertainty relation Eq. (4) we then get that our desired
relation Eq. (5) directly. Moreover from Ehrenfest’s theorem we see that
dhT i
= 1,
dt
which shows that the observable T would function as a clock in the simplest and most
perfect possible way since it would increase at a constant rate of one per unit of time,
regardless of that actual state of the system | ψi. The problem is that for physically
realistic Hamiltonians H you can prove that there is no operator T which is canonically
conjugate and so there is no time observable. A glossed over reason for this is that
any pair of operators with a commutation relation of the form [p, q] = ih̄ are essentially
disguised versions of position and momentum (proven via the Stone-Von Neumann
uniqueness theorem). However, these operators are, and are required to be, unbounded
below, so their spectrum extends all the way down to −∞. Any physical Hamiltonian
H must be bounded below since it has to possess a ground state.
The above observation regarding T is perhaps not surprising. Hidden in our expressions above we have a state | ψi of the system. Requiring that the clock operates
perfectly regardless of | ψi is a bit unnecessarily restrictive. We would be happy to get
to find an operator which has an almost constant rate of change for some particular
special clock state, leading us back to our previous argument. Were we to choose this
state to be an eigenstate of H we would obtain a completely useless clock since none of
its observable properties would change with time. A clock in a stationary state is therefore a stopped clock. A working clock must instead be in a superposition of energy
eigenstates and possess a spread in its energy values. In Eq. (5) we have a quantitative
trade-off between the indeterminacy of the system’s energy and its possible resolution
as a measure of time.
We can make a concrete calculation to this effect by showing that ∆t is a measure of
how long it takes for the system to evolve to a new state that is sufficiently distinguishable to indicate a new clock time. By distinguishable we mean that hψ(∆t)|ψ(0)i = 0
so that the clock’s state is orthogonal to its original state (non-orthogonal states are
never perfectly distinguishable). The energy spread of the initial state | ψ(0)i puts a
speed-limit on how fast it can evolve into an orthogonal state. To illustrate this let’s
take a qubit system with the Hamiltonian given in Eq. (2) earlier. This had eigenstates
| +i and | −i with corresponding energies h̄ω and −h̄ω. As with our earlier example
we start the system in an initial state | ψ(0)i = | ↑i = √12 (| +i + | −i) and compute the
time-evolved state as

1
| ψ(t)i = √ | +i + e−2iωt | −i ,
2
The energy difference 2h̄ω determines how quickly the phase in the superposition oscillates. We can the compute from | ψ(t)i the quantities hEi = 0, and hE 2 i = (h̄ω)2 , so
the intrinsic uncertainty in the energy of the system in this state is ∆(E) = h̄ω, independent of time. So what is the minimum amount of time ∆t for the system to satisfy
hψ(∆t)|ψ(0)i = 0. For this we need ω∆t = π so that | ψ(∆t)i = | ↓i = √12 (| +i − | −i),
and since ω = ∆(E)/h̄ we have ∆(E)∆t = πh̄. The energy-time uncertainty relation is
satisfied, but not saturated. It is left as an exercise for you to consider what the equivalent relation is for a system with d-levels, with a Hamiltonian H = ∑dn=1 nh̄ω | ni hn |,
starting in an initial state | ψ(0)i = √1d ∑dn=1 | ni. What happens as d → ∞?
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9

Teaching notes

Tutorial question

In this weeks class the question for the tutorial was How do measurements change the
state of the system if the outcome is not observed?. Let’s suppose we have a qubit in
the state
1
| +i = √ (| ↑i + | ↓i).
2
If σz is measured then we have probabilities P↑ = P↓ = 12 for each outcome. Now suppose that our Stern-Gerlach machine crashed right at the end so the outcome of the
measurement was erased. I know that a measurement was made, and further that whatever the outcome was the system was projected into that eigenstate of σz . If a second
measurement of σz is made with a working device the probabilities for the outcomes
are again P↑ = P↓ = 12 . How does the state after the first measurement differ from that
before the first measurement? Both give the same probabilities for measurements of σz
but are they the same state?

The short answer to this question is no, the state after the first faulty measurement
is very different from the initial state. The initial state | +i is in a coherent quantum
mechanical superposition of | ↑i and | ↓i. After the faulty measurement however, the
system is for definitely in one of the σz eigenstates | ↑i and | ↓i, but which one is governed by a probability 12 . This situation has classical ignorance, which is the usual
origin of probabilities, rather than quantum probability amplitudes. The difference is
highlighted by considering a measurement of σx . For | +i a + result is obtained with
certainty, whereas for the state after the faulty measurement outcomes + and − occur
with probability 21 . This difference is because | +i has “coherence” and will exhibit
quantum interference, whereas a classical mixture of | ↑i and | ↓i is incoherent and
cannot produce interference. This interference property can be well illustrated by the
Mach-Zehnder interferometer we considered back in the first tutorial. If we measured
which path the photon took but forgot the result no interference would ever be observed. To add this kind of classical ignorance (of what state the system is actually in)
to our mathematical framework it would need to be enhanced so that the state of the
system is not described by a single vector | ψi but by a so-called density operator ρ.
Unfortunately this takes us far beyond the syllabus of this course so we cannot discuss
it further.
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